
Arbitrary precision real arithmetic: design and algorithmsVal�erie M�enissier-Morain�yMay 21, 1995AbstractWe describe here a representation of computable real numbers and a set of algorithms for the el-ementary functions associated to this representation. This arithmetic is the �rst real arithmetic withmathematically proved algorithms.1 Introduction1.1 MotivationWe try to determine here what should be an arithmetic for a modern and reliable programming language.The exactitude of the arithmetic is clearly an essential feature of a reliable programming language, but weshow here that even a 
oating point representation with variable length, as it exists in symbolic computationsoftwares, is insu�cient. Furthermore this arithmetic gives its users some wrong ideas, as disastrous as theround-o� errors themselves. The 
oating point arithmetic is obviously not an exact arithmetic: each partialresult is systematically rounded o�, and these successive round-o� errors may lead to completely erroneousanswers for ill-conditioned problems like the computation of 1=(y�x) where x is "much greater" than 1 (forexample x = 1:234567890e10) and y = x + 1. For this particular computation, a single precision 
oatingpoint computation induces an error due to a division by zero, but an exact computation yields a result, 1,that is furthermore exactly represented in a 
oating point arithmetic. However, in order to handle rationalor real numbers, one represents them generally with the 
oating point arithmetic supplied by the computerwith a �xed number of signi�cant digits. The programmer is usually aware of these round-o� problems, butnevertheless, he remains con�dent of the computed results because of "intuitive properties" of the 
oatingpoint arithmetic. Among these pseudo-properties, one can cite:1. even if the result is not rigourously exact, it is certainly close to the exact result, in particular theorder of magnitude is supposed to be preserved;2. a few 
oating point operations can only induce a slight inaccuracy in the computed result;3. if more accurate results are needed, it is su�cient to increase the size of the number representationbefore the computation (for instance many programming languages o�er double precision 
oating pointnumbers).The following sequence, discovered by Jean-Michel Muller [15], is a counter-example to all these ideas.Let (an)n2Nbe the sequence de�ned recursively bya0 = 112 ; a1 = 6111 ; an+1 = 111� 1130� 3000=an�1an :�INRIA, B.P. 105, F-78153 Rocquencourt Cedex, France. E-mail: Valerie.Menissier@inria.fryUniversit�e d'�Evry Val d'Essonne, D�epartement d'Informatique, 4 Boulevard des Coquibus, 91025 �Evry Cedex.1



With single precision 
oating point arithmetic, we get the following values:n 2 5 6 7 8 10 11 12an 5:6 5:6 4:3 �29:0 125:7 100:1 100:0 100:0Thus the sequence seems to converge very quickly to 100.0. In fact one can prove easily thatan = 6n+1 + 5n+16n + 5n ;from which we deduce immediatly that the limit of this sequence is 6. This result is far from 100.0 and the
oating point arithmetic does not preserve the order of magnitude of the limit.Moreover, the corresponding mathematical values of this sequence (rounded o� to 1 decimal place) areas follows: n 2 5 6 7 8 10 11 12an 5:6 5:7 5:7 5:8 5:8 5:9 5:9 5:9Thus as soon as n is greater than 5 the 
oating point results are completely irrelevant, even though thecomputation of an leads to very few operations (precisely 2n divisions and 2n�2 subtractions). The commonidea that "a few operations induce a slight inaccuracy" is false: for an the computation diverges for a6 afteronly 12 divisions and 10 subtractions.By the way, one can notice that the convergence of the 
oating point representation of (an)n2Nto 100.0is fast and stable (for n > 10, an is always very close to 100.0): these properties ensure neither the accuracynor the order of magnitude of the computed limit. This phenomenon can be explained by the fact that thefunction x 7! 111� 1130� 3000xxhas three �x points: 5, 6 and 100, and 100 is an attractive �x point, while 5 and 6 are repulsive one's,particularly 6.According to the third common idea, the preceding phenomenon may be due to the lack of precisionin the 
oating point representation of numbers. Let's try a more powerful 
oating point arithmetic thatallows the programmer to �x the number of signi�cant digits used during computation (as in the symboliccomputation system Maple [8]). Here are the values obtained for an with various precisions:precision a10 a20 a30 a40 a5010 147:26 100 100 100 10020 5:86 99:7 100 100 10030 5:86 5:97 100 100 10040 5:86 5:97 5:994 100 10050 5:86 5:97 5:996 5:92 100The sequence stubbornly converges to 100.0. We conjecture that with p decimal digits of precision duringcomputation, the value a2p is almost equal to 100.0 (and so for an if n � 2p since the sequence reaches thebasin of attraction of 100). Thus, whatever the precision one starts with, the 
oating point arithmetic failsto perform a computation which respects the mathematical limit of the sequence (an)n2N, in opposition tothe third common idea.One can argue that the computation of the limit of a sequence requires potentially an in�nity of operationsand that for any �nite computation, one can estimate the order of magnitude of all intermediate results anddeduce from this a lower bound for the required precision for 
oating point arithmetic. But even thisviewpoint proves that to inspire real con�ndence in results obtained with 
oating point arithmetic, one mustanalyze the computation and the evolution of the precision. This analysis is so tedious that in practice theprogrammers ignores it. Yet the programmer desires reliable arithmetic results, so the correction must beensured by the programming language. 2



The most usual solution to this question is interval analysis [16, 17, 1, 10]. The computation is performedusing 
oating point arithmetic and propagates during all this computation an upper bound of the round-o� error for rational operations, according to the IEEE-754 norm, so that one obtains at the end of thecomputation a 
oating point result and an upper bound for the round-o� error on this result. For thepreceding sequence, a computation with such an arithmetic will indicate that the upper bound for theround-o� error on this result is very big. However if one wants to compute the exact result or a result asclose as one want of the exact value, this solution is not satisfactory.We give here an answer to the programmer who needs reliable arithmetic results for which the correctionis ensured by the programming language and not by an arithmetic that indicates an upper bound for thedistance between the exact value and the obtained result. The programmer indicates an upper bound forthe �nal round-o� error and this bound is respected all along the computation, even if it requires a very highprecision in a particular step of the computation.The ML language was designed for safe programming and so should ensure safety in numerical program-ming. So we implement a small prototype of an arbitrary precision library in this language according to thework described here.1.2 History of the problemWiedmer proposed in 1977 a solution for real number computations in [26, 27, 28]. This solution can beconsidered as unbounded on-line arithmetic. However, Wiedmer proposed only an algorithm to add realnumbers. These ideas were studied again and extended by Boehm in [7, 6]. Computable real numbers arerepresented by an in�nite sequence of digits in a given base B. For such a representation the digits of theresults are produced "from left to right", beginning with the most signi�cant digits, in opposition to theusual algorithms for addition an multiplication for example. Particularly, Avizienis in [2] and Wiedmerin [28] proved that an addition algorithm "from left to right" implies the redundancy of the representation:for example, digits are in the integer interval [�B + 1; B � 1] rather than the classical interval [0; B � 1].The idea is that one is compelled to anticipate what will be the next digits of the arguments of the additionalgorithm and for example to overestimate by one the absolute value of the sum, even if one needs to correctthis trend on the next produced digit by a negative sign. We studied this representation, described andproved algorithms for rational operations, but we did not work out so far algorithms for transcendentalfunctions. Perhaps the Cordic algorithms described by Lin and Sips in [11] may be used to compute thesefunctions. The incrementality is a natural good point for this representation: if one need some more digits,one starts from the list of already computed digits rather than from the beginning of the computation.However, apart from the lack of well-integrated algorithms for transcendental functions, the algorithms forrational operations are intricate and rather ine�cient.In [7, 6], Boehm studied a more natural representation. This representation is designed for almostautomatic evaluation of round-o� errors in programs written in Fortran. In his implementation, the classicaloperations on 
oating point numbers are replaced by exact operations on real numbers, then some numericaltests of small size are performed with each arithmetic, so that if a 
oating point result does not correspondto the expected value, one can attribute this computation error either to a round-o� error if the real resultis correct or to an error in the implementation of the algorithm by the program if the real result is wrong.Boehm describes algorithms for addition and multiplication on this representation.Boehm developped an implementation for each of these two representations. The comparison of therunning times indicates clearly that the second one is much faster than the �rst one.We studied this second representation and now we propose a complete and entirely proved set of algo-rithms for all elementary functions. This work leads to an implementation in the Caml implementation ofthe ML language.Finaly, in [23, 24, 25], Vuillemin represents real numbers by contined fractions, with the underlying ideathat continued fractions are the "closest" rational numbers to the real numbers. However, apart from thefact that these algorithms are principaly not proved, this representation is rather inadequate to currentcomputers so it is ine�cient. The author implements a complete prototype for this representation that3



exhibits poor running times despite the natural incrementality of the method.We present these three representations with all details in [14]. We describe in this aritcle the secondrepresentation mentioned above.We �rst recall the main properties of computable real numbers. We deduce from one de�nition, amongthe three de�nitions of this notion, a representation of these numbers as sequence of B-adic numbers andthen we describe algorithms for rational operations and transcendental functions for this representation.Finally we describe brie
y the prototype written in Caml.2 Computable real numbersUnlike Bishop [5], Martin-L�of [12] and Stolzenberg [19], we use here the classical real analysis as the frame-work to state properties of computable real numbers�, as in Rice fundamental paper [18].2.1 De�nitionsLet us note fQ!Na recursive bijection from Q to N. We de�ne �rst the notion of recursive Cauchy sequencefor rational numbers and for intervals with rational bounds.De�nition (Recursive Cauchy sequence)1. A sequence of rational numbers (qn)n2Nis called recursively enumerable if the function n 7! fQ!N(qn)is recursive.2. A sequence of intervals with rational bounds (In = [in; sn])n2Nis called recursively enumerable if thesequences (in)n2Nand (sn)n2Nare recursively enumerable sequences of rational numbers.3. A sequence of rational numbers (qn)n2Nis called a recursive Cauchy sequence if it is recursively enu-merable and there exists a recursive function g, the function of convergence of the sequence, such thatfor all strictly positive integer N and all pair of integers n and m with n � m � g(N ), we have:jqn � qmj < 1N :We can now give several de�nitions of the notion of computable real numbers.De�nition (Computable real numbers, �rst de�nition)A real number r is a computable real number if and only if there exists a recusively enumerable sequence(In = [in; sn])n2Nof nested intervals with rational bounds, enclosing r and the sequence of the lengths ofthese intervals (jsn � inj)n2Nconverges to 0.De�nition (Computable real numbers, second de�nition)A real number is a computable real number if and only if it is the limit of a recursive Cauchy sequenceof rational numbers.We will now de�ne the related notion of �nite B-adic numbers for a given base B and deduce the notion ofB-approximable real number.De�nition (Finite B-adic number)If B is an integer greater than or equal to 2, a rational number r is called a �nite B-adic number if thereexists two integers p and q such that r = p=Bq and q is a positive integer.We de�ne now the notion of B-approximable real number.�We use here "computable real numbers as Turing did [20] rather than the expression "recursive real numbers" employedby Rice, but these two terms are of course equivalent 4



De�nition (B-approximable real number)A real number x is called B-approximable if there exists a recursive function g such that, for all integerN , g(N ) is a �nite B-adic number and jx� g(N )j < 1BN :These di�erent de�nitions lead naturally to the following property:PropertyThe two de�nitions of the notion of computable real numbers and the de�nition of B-approximable realnumber are equivalent.Proof: This property and the following ones are all proved in [14]. We will generally indicate the idea of theproof when the argument is not only an obvious construction or the suitable de�nition used for the proof. �And now a last de�nition that will be useful afterwards.De�nition (Recursively enumerable sequence of real numbers)A sequence (xn)n2Nof computable real numbers is called recursively enumerable if there exists two re-cursive functions g and h such that (g(n; k))k2Nis a recursive Cauchy sequence of rational numbers thatconverges to xn as k tends to in�nity, with k 7! h(n; k) as convergence function.We denote up to the end of this section by R the set of computable real numbers and as usual by R the setof real numbers.2.2 Properties of RThe set R has the following properties:Algebraic property of R: The set R with the addition and the multiplication of R is an archimedeancommutative �eld.Topological property of R: Each recursive Cauchy sequence of elements of R has a limit in R.Analytical property of R: R is closed for elementary functions.Cardinal of R: R is a denumerable subset and is dense in R.Proof: We use the �rst de�nition of computable real numbers to prove the algebraic and the analyticproperties. The proof of the analytic property uses essentially the lemma "If (an)n2N is a recursivelydenumerable decreasing sequence of positive rational numbers with a null limit to in�nite, the sum of thealternate series of general term (�1)nan is a computable real number". The proof of the topological propertyand of the cardinality of R uses naturally the �rst de�nition of computable real numbers. FinallyR is densein R because Q is dense in R and is included in R. �2.3 Indecidability theorems about RRice proved the following result:Theorem (Rice)There exists no general algorithm to determine whether a computable real number is zero or not.Proof: As a �rst point, if such an algorithm exists, then we can decide for all recursive function from N intof0; 1g if this function is single-valued or not. As a second point, the question of the stopping of a Turingmachine can be describe by the question of the single-valuation of a recursive function from N into f0; 1g.Then since we know that the question of the stopping of a Turing machine is undecidable, the result follows.�We deduce from this the following results:Corollary 5



1. There exists no general algorithm to determine the image of a computable real number by a functionwith a discontinuity at this point.2. There exists no general algorithm to determine if a computable real number is greater than anotherone.3. There exists no general algorithm to determine the integer part of a computable real number.4. There exists no genreal algorithm to determine if a computable real number is rational.Proof: Obvious. �A consequence of the third proposition of this corollary is that one cannot determine exactly the continuedfraction expansion or the development in a given base of any computable real number.However, one should not attach an excessive importance to these impossibilities because according to thelast de�nition of computable real numbers, any computable real numbers may be known to a precision ofB�n in a given base B. As far as the comparison is concerned, the following theorem establishes that if twocomputable real numbers di�er, then there is an algorithm that indicate which one is the greater one and atwhich rank their de�nition sequences di�er.PropertyLet A = (an)n2Nand B = (bn)n2Nbe two recursive Cauchy sequences of rational numbers with distinctrespective limits a and b, then there exists an algorithm to compare a and b that terminates.Proof: Obvious argument, technical details. �3 Description of a representation of computable real numberswith particular sequences of B-adic numbersAccording to the third de�nition, computable real numbers are considered here as B-approximable real num-bers. Precisely reals numbers will be represented by B-adic numbers and as in Boehm's work, we representthe B-adic numbers by longer and longer integer corresponding to the numerator of B-adic approximationsmore and more precise.It is well-known that the limit of a sequence of B-adic numbers (an=Bkn)n2Nis also the limit of thisother sequence of B-adic numbers (bn=Bn)n2Nwith bn = �anBn�kn�. This second sequence is interestingbecause the denominator of each B-adic is exactly B raised to its rank in the sequence so we need only thesequence of integers (bn)n2Nto represent the limit of this sequence.Thus we approximate a computable real number r with a sequence of integers (cn)n2Nsuch thatjr � cnB�nj < B�n for all integers n.We will now describe this representation and a complete set of algorithms to compute elementary functionsfor this representation, using the corresponding algorithms for rational numbers.3.1 De�nitions and generalitiesLet B be a given base, i.e. an integer greater than or equal to 2. A computable real number is representedby a sequence of integers that satisfy the following property:De�nition (Bounds property)Let x be a computable real number, for all integer p, the bounds property of x by p for order n ischaracterized by the following inequality jx� pB�nj < B�n i.e. (p � 1)B�n < x < (p+ 1)B�n.We authorize negative indices for practical reasons because sometimes we need only to know the orderof magnitude of a real number rather than its integer part. The bounds property apply easily to negative6



indices and it saves some time during the computation. We will now express some properties of the integersthat satisfy the bounds property for a given real number and a given order.PropertyLet x be a computable real number, n an integer and p be an integer. Suppose that the bounds propertyof x by p for order n is satis�ed. Then p = bBnxc or p = �bBn(�x)c.Proof: Technical veri�cation using intensively the de�nition of the function x 7! bxc. �The real numbers that we will consider in this section are computable real numbers x represented bysequences of integers (xn)n2Nsuch that the bounds property for x by xn for order n is satis�ed.We will now de�ne the sign function before we express the following property that describes the relationsbetween the integers that satify the bounds property for x and jxj for the same order.De�nition (sign)The function sign is de�ned from R to f�1; 0; 1g with the usual following equality:sign(x) = (�1 if x < 00 if x = 01 otherwisePractically, for each non-zero real number x and for each integer n, the sign of x is the sign of eachnon-zero value xn and its computation terminates.PropertyLet x be a real number represented by the sequence (xn)n2Zand n be an integer, jxnj satis�es the boundsproperty of jxj for order n and if p is a positive integer that satis�es the bounds property of jxj for order n,then the integer q de�ned by q = sign(x)� p satis�es the bounds property of x for order n.Proof: We study the three following cases for xn or q: 0, � 1 and � �1. In the �rst case, all implied integersare zero and the property follows. In the two other cases we know the sign of x and the property followstoo. �We have also the following technical properties:Properties1. Let x, � be two real numbers and n be an integer. If �B�n < x < (�+ 1)B�n, then b�c + 1 and d�esatisfy the bounds property of x for order n.2. Let x be a real number represented by the sequence (xn)n2Z, n and m be integers such that n � m,then the integer j xmBm�n k satis�es the bounds property of x for order n.Proof: Technical manipulation of inequalities �We will now de�ne the msd function that indicates the order of magnitude of a real number.De�nition (msd)The function msd ("most signi�cant digit") is de�ned from R to Zfor all real number x represented bythe sequence (xn)n2Z, by the equality msd(x) = minn2Z(jxnj > 1).Practically, the function msd is recursively computed and does not terminate for zero. This functionsatis�es the following properties:Properties1. For all non-zero real number x, msd(x) exists and is unique (at the exact time of its computation, seethe remark below), with 2 � ��xmsd(x)�� � 2B and msd(x) = �blogB jxjc or msd(x) = �blogB jxjc + 1.7



2. For all non-zero real number x and all integer n < msd(x), we have jxnj � 1.3. For all non-zero real number x and all integer n � msd(x), thenBn�msd(x) � jxnj � Bn�msd(x)(2B + 1)and 1 � ���j xnBn�msd(x)k��� � 2B + 1:Proof: Technical and boring proof. �4 Algorithms for the usual elementary functions4.1 Introduction to algorithms for the computation of elementary functions onRWe will now describe algorithms for computing elementary functions on R. For each of the followingalgorithms, we have established in [14] a theorem of correction as the following one:Theorem (Correction of the algorithm for computing a function f on computable real arguments args)Let (f(args))n2Nbe the sequence computed by the algorithm for f(args), then, for all integer p 2 N, thebounds property of f(args) by f(args)p for order p is satis�ed.4.2 Algorithms for rational operationsWe will now describe the representation of the image of any computable real number by an elementaryfunction and we begin with the heart of these algorithms: the representation of rational numbers.Representation of rational numbersEach rational number q is represented by the sequence of integers (qn)n2Nsuch that qn is de�ned, for allinteger n by the equality:qn = bBnqc. �bBn(�q)c.Proof: Immediate. �Addition of real numbersLet x and y be two real numbers represented by the sequences (xn)n2Zand (yn)n2Zrespectively, the sum ofthese two numbers x+ y is represented by the sequence (x+yn)n2Zsuch that:x+yn = $xn+1 + yn+1 + B2B % :Theorem ([)Correction of the addition algorithm] For all integer n, x+yn satis�es the bounds property of x for ordern.Proof:(Complete proof)Let n be an integer. By de�nition of x 7! bxc, we have(x+yn � 1)B�n �  xn+1 + yn+1 + B2B � 1!B�n8



and (x+yn + 1)B�n >  xn+1 + yn+1 + B2B !B�n:Thus (x+yn � 1)B�n < xn+1 + yn�1 � B2Bn+1and (x+yn + 1)B�n > xn+1 + yn�1 + B2Bn+1 :But B � 4, so B=2 � 2 and we have(x+yn � 1)B�n < (xn+1 � 1)B�(n+1) + (yn+1 � 1)B�(n+1)and (x+yn + 1)B�n > (xn+1 + 1)B�(n+1) + (yn+1 + 1)B�(n+1):According to the bounds property of x and y for order n+ 1 respectively by xn+1 and yn+1, we have(xn+1 � 1)B�(n+1) < x < (xn+1 + 1)B�(n+1)and (yn+1 � 1)B�(n+1) < y < (yn+1 + 1)B�(n+1);and we deduce from this that (x+yn � 1)B�n < x+ y < (x+yn + 1)B�n:�Opposite of a real numberLet x be a real number represented by the sequence (xn)n2Z, the opposite of this number �x is representedby the sequence (�xn)n2Zsuch that: �xn = �xn:Proof: The correcition is obvious. �Multiplication of two real numbersLet x et y be two real numbers represented by the sequences (xn)n2Zand (yn)n2Zrespectively, the productof these two numbers x+ y is represented by the sequence (x�yn)n2Zsuch that:x�yn= �1 + xpx � ypyBpx+py�n �with px = max(n�msd(y) + 3; bn=2c+ 1)and py = max(n�msd(x) + 3; bn=2c+ 1).Proof: The proof of correction of this algorithm is more technical than those of addition buut with the samespirit. � 9



Inverse of a real numberLet x be a real number respectively represented by the sequence (xn)n2Z, the inverse of this number 1=x isrepresented by the sequence (1=xn)n2Zsuch that:If n � �msd(x)then 1=xn = 0else if xk > 1,then 1=xn = �Bk+nxk �else 1=xn = �Bk+nxk �with k = n+ 2msd(x) + 1.Proof: Same remark as for the correction of the multiplication. �4.3 Algorithms for algebraic or transcendental functionsGeneral idea of these algorithmsWe introduce here for each function f the function f that associates to a rational number r and an integern a �nite B-adic approximation f (r; n)=Bn such thatf(r; n)Bn < f(r) < f (r; n) + 1Bn :We deduce from this function f and for each real number r, a representation of f(r) with f(r)n close tof (xk; n). The work consists in determining such a k that ensures the correction of the algorithm and we tryto choose this index as small as possible. As an example we will give a proof of the algorithm for computingthe exponential function.We present now such algorithms for algebraic and transcendental usual functions.k-th rootLet x be a real number represented by the sequence (xn)n2Zand k be an integer greater than or equal to 2.The k-th root of this number kpx is represented by the sequence ( kpxn)n2Zsuch that:If xkn � 0then j kpxknkelse fails.RemarkWe choose here to always give a value to kpx when it make sense, even if it means that it does not failfor some slightly negatives values of x. We can of course choose to fail for all negative values by replacingthe condition xkn � 0 by xkn � 1, but in this case for some slightly positive values it will fail also. �Exponential functionLet x be a real number represented by the sequence (xn)n2Z, exp(x) is represented by the sequence(exp(x)n)n2Zsuch that:exp(x)n = exp�xk � 1Bk �+ 1 10



with k = max�0; n+ 1; n+ logB(2) + logB(e) �max(2; xm+2Bm )� and m = msd(x).One can precompute the value logB e by implementing �rst the log function on real numbers or one cansubstitute a simple rational upper bound in the preceding formula. This second choice is practically simpler.Proof: We have xk � 1Bk < x < xk + 1Bkand x 7! exp(x) is an increasing function soBn exp�xk � 1Bk � < Bn exp(x) < Bn exp�xk + 1Bk � :Let �, �0, � and �0 be de�ned by the following equalities:� = exp�xk � 1Bk ��0 = Bn�� = exp�xk + 1Bk ��0 = Bn�:For all positive real number z, we have exp(z) < 1 + z exp(z), so� � � = ��exp� 2Bk�� 1� < 2Bk �:Therefore we have 0 < �0 � �0 < 2Bn�k �. Let us prove that 2Bn�k � < 1, that is to say that� < Bk�n=2.If k � msd(x), then, according to the property 3.1, we havexmsd(x) = j xkBk�msd(x) kand consequently xkBk�msd(x) < xmsd(x) + 1;thus xkBk < xmsd(x) + 1Bmsd(x) ;and xk + 1Bk < xmsd(x) + 1Bmsd(x) + 1Bk < xmsd(x) + 2Bmsd(x)since k � msd(x).We deduce from this inequality that� = exp�xk + 1Bk � < exp�xmsd(x) + 2Bmsd(x) � = BlogB(e)�xmsd(x)+2Bmsd(x) � Bk�n�logB(2) = Bk�n2 :If 0 � k < msd(x), then� � exp�xk + 1Bk � < exp(2=Bk) = BlogB(e)�2=Bk � B2 logB(e) � Bk�n�logB(2) = Bk�n2 :Therefore 0 < �0 � �0 < 1 and we conclude by application of the property 3.1. �11



Logarithm to base BLet x be a stricly positive real number represented by the sequence (xn)n2Z, logB(x) is represented by thesequence (logB xn)n2Zsuch that:logB xn = logB(xk � 1)n � kBn with k = max(n; 0) + msd(x) + 1.ArctangentLet x be a real number represented by the sequence (xn)n2Z, arctan(x) is represented by the sequence(arctan(x)n)n2Zsuch that: arctan(x)n = arctan�xk � 1Bk �n :We can deduce � for example by the following formula:�4 = 12 arctan� 118�+ 8 arctan� 157�� 5 arctan� 1239� :SinusLet us notice that there is an additional di�culty for this algorithm since the trigonometric functions arenot uniformly monotonic, that is to say that they are not decreasing or increasing functions on the entireinterval [0; 2�].Let x be a real number represented by the sequence (xn)n2Z, sin(x) is represented by the sequence(sin(x)n)n2Zsuch that:If yk � zk � 2 ou yk � 3zk + 4,then sin(x)n = (�1)psin �yk�1Bk �nelse if yk � zk + 1,then sin(x)n = (�1)pBnelse if yk � 3zk � 4,then sin(x)n = (�1)psin � yk+1Bk �nelse if yk � 3zk + 3,then sin(x)n = (�1)p+1Bnwith p = �x��0 � 1, y = x� p�, z = �2 and k = max(1; n+ 2).Other elementary functionsWe deduce the other usual elementary functions from the preceding algorithms using the following formulas:sinh(x) = exp(x) � exp(�x)2 ;cosh(x) = exp(x) + exp(�x)2 ;tanh(x) = sinh(x)cosh(x) ;xy = exp� y logB(x)logB(exp(1))� ;12



logx y = logB ylogB x;arcsinh(x) = log(x+px2 + 1);arccosh(x) = log(x+px2 � 1);arctanh(x) = 12 log�1 + x1� x� ;arcsin(x) = arctan� xp1� x2� ;arccos(x) = arctan p1� x2x ! ;cos(x) = sin(�2 � x)tan(x) = sin(x)cos(x) :5 In practice: a prototype in Caml5.1 The choice of the Caml languageThe use of this language was of course a natural choice insofar as we began the study on the subject ofarithmetic for a modern and reliable programming language about this language. Furthermore the �rst stepof this study leads us to implement a very e�cient exact rational arithmetic for this language. It is obviousthat (almost) in�nite integers are absolutely necessary, but an exact rational arithmetic (see [13]) is alsonecessary to compute the transcendental functions on rational parameters underlying the transcendentalfunctions on real arguments.Moreover functions in this language are easy to use as arguments or results of functions and since realnumbers (and more generally in�nite objects) are naturally represented by functions, it is easier to deal withreal numbers in this language.5.2 Choices of implementationWe choose as Boehm to represent real numbers as �nite B-adic numbers and furthermore these particular�nite B-adic numbers, instead as general rational numbers. This choice leads us to a rougher granularity anda slightly lesser 
exibility for our representation. For instance, if an accuracy under 1=Bn is required, thischoice of implementation leads to a computation with an accuracy of 1=Bn+1 and induce a greater runningtime than a computation to the real precision of 1=Bn� " where " is a rational number as small as possible.Boehm's implementation used rational numbers at the beginning and it turned out that with the libraryof rational arithmetic used by Boehm, the computations with rational numbers were much slower than thoseperformed with �nite B-adic numbers. Through lack of details on the rational arithmetic that Boehm used,we don't know if this observation is valid for our implementation too. Moreover this choice deprive us of thenatural incrementality of the representation and of a slightly simpler expression of our algorithms.The implementation includes the storage of the most precise approximation already computed for eachreal number and we choose to work with the base B = 4. We will now justify our choice.For e�ciency, the representation contents for each real number x represented by the sequence (xn)n2Z,the most precise approximation already computed xmpa(x) to the order mpa(x). Thus any less precise approx-imation for x needs only a simple shift operation on xmpa(x) rather than an possibly complex computation13



already performed before: if n � mpa(x), then we take xn = j xmpa(x)Bmpa(x)�nk :Let us notice that the value of xn and of msd(x) may vary of one unity according to the value to mpa(x).However the rather strict de�nition that we give of this function ensures, independently of the value ofmpa(x), the fundamental property we wanted to ensure, i.e. 1 < ��xmsd(x)�� � B whatever the value ofmpa(x) is when msd(x) is computed.Concerning the choice of the base, some algorithms are valid only for a base greater than or equal to 4.It is preferable to choose 2 to a power greater than or equal to 4, sincej xmpa(x)Bmpa(x)�nkcan be computed by a simple shift of xmpa(x) of mpa(x) � n digits to the right in this case, that is to saya basic operation of rational arithmetic and then for the underlying hardware arithmetic. It may seemsworthwhile that a digit for the base B corresponds exactly to a computer word. However we choose, asBoehm did before, to work with B = 4 because the smaller the base is and the less we pay to compute anadditional digit.5.3 RealisationsBoehm implemented a similar arithmetic, so one can read his commentaries in [7, 6].Moreover we have currently an almost complete prototype for this representation. The rational operationsare already available. Concerning the transcendental functions, we have still to implement the arctangentand sinus functions.As we see it at the beginning of the subsection 4.3, we need a set of elementary functions from Q toR, that we will not detail here, because even if on the one hand this software layer requires some time toimplement, on the other hand the techniques we used are rather classical. These functions are de�ned fromtheir Taylor expansion. Then we have to determine a condition to stop the computation, the number ofterms for instance, for an accuracy given as a parameter and then evaluate this polynomial and possibly toapply some optimisations to speed up the computation.The chosen representation has the advantage of using algorithms on integers that are well understoodand very e�cient.ConclusionWe have a description of a representation ofR and proved algorithms for this representation for all elementaryfunctions.We have implement an almost complete prototype of this description and its completion will give us acomplete chain for reliable arithmetic in the Caml language.In the future, we will try to use rational numbers rather than �nite B-adics to analyze the in
uence ofthe e�ciency of the underlying rational arithmetic and of the natural incrementality of the algorithms forrational numbers. As a second point we hope to be able to take a less restrictive de�nition of f for anytranscendental functions f corresponding to the bounds property rather than to a half interval. Finaly wehope to improve this e�ciency of this prototype by an e�cient computation of the f functions by using asthose developped in [3], by a balancement of the abstract syntax tree during the compilation of expressionsuch as x1 + : : :+ xn to compute each xi with a well-balanced precision and �nally by combination with
oating point analysis method such as interval analysis [16, 17, 1, 10] or the CESTAC method [22, 9, 21] inthe spirit of the lazy rational arithmetic by Michelucci [4].14
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