
The Appearance of Big Integersin Exact Real Arithmetic based onLinear Fractional Transformations?Reinhold HeckmannFB 14 { Informatik, Universit�at des SaarlandesPostfach 151150, D-66041 Saarbr�ucken, Germanye-mail: heckmann@cs.uni-sb.deAbstract. One possible approach to exact real arithmetic is to use lin-ear fractional transformations to represent real numbers and computa-tions on real numbers. In this paper, we show that the bit sizes of the(integer) parameters of nearly all transformations used in computationsare proportional to the number of basic computational steps executed sofar. Here, a basic step means consuming one digit of the argument(s) orproducing one digit of the result.1 IntroductionLinear Fractional Transformations (LFT's) provide an elegant approach to realnumber arithmetic [8, 16, 11, 14, 12, 6]. One-dimensional LFT's x 7! ax+cbx+d areused as digits and to implement basic functions, while two-dimensional LFT's(x; y) 7! axy+cx+ey+gbxy+dx+fy+h provide binary operations such as addition and multipli-cation, and can be combined to in�nite expression trees denoting transcendentalfunctions. In Section 2, we present the details of the LFT approach. This providesthe background for understanding the results in the remainder of this paper.LFT's can be modelled within linear algebra. If the four parameters of a one-dimensional LFT are written as a (2,2)-matrix (shortly calledmatrix ), functionalcomposition becomes matrix multiplication. Likewise, the eight parameters of atwo-dimensional LFT can be written as a (2,4)-matrix (called tensor). We referto matrices and tensors collectively as transforms. Basic computational stepssuch as consuming one digit of the argument(s) (absorption) or producing onedigit of the result (emission) can be realised as variants of matrix multiplicationapplied to a transform and a digit matrix.Usually, all the transforms used in real number arithmetic have integer com-ponents. Naively, one may think that these components become bigger by ab-sorptions, and become smaller again by emissions. Technically, the componentsmay decrease by reduction, i.e., division of all components of the transform by? Most of the results in this paper were found during a visiting fellowship of the authorat Imperial College, London. This visit was organised by Abbas Edalat and fundedby EPSRC.



a common factor; as transforms denote rational functions, reduction does nota�ect their semantics.Practical experiments have shown, however, that in most cases, the potentialfor reduction is negligible. The greatest common factor of the components of atransform is usually 1, and in nearly all of the remaining cases, it is just 2. InSections 3 and 4, we show some upper and lower bounds for common factors. Thefull proof of the practically observed behaviour is obtained later (Corollary 12in Section 6.4).Practical experiments have also shown that in most cases, the bit size ofthe entries of a transform is roughly equal to the number of emitted digits. Themain contribution of this paper is the formalisation (and of course proof) of thesepractical observations. First, we derive upper bounds for the sizes of the entriesof a transform in Section 5. In Section 6, lower bounds for the determinant andthe size of the biggest entry are obtained in the case of matrices. Tensors arehandled in Section 7. Finally, we discuss these results and their impact on thecomplexity of real number computation.2 Exact Real Arithmetic by Linear FractionalTransformationsIn this section, we present the framework of exact real arithmetic by LFT's [8,16,11]. After a general introduction, we specialise to the version used by thegroup of Edalat and Potts at Imperial College [14, 12, 13, 15,6].2.1 From Digit Streams to Linear Fractional TransformationsThere are many ways to represent real numbers as in�nite objects [3,2, 4, 5].Here, we are only concerned with representations as in�nite streams of \digits".These streams are evaluated incrementally; at any given time, only a �nite pre�xof the stream is known.There are several di�erent stream representations which can be grouped intotwo large families: variations of the familiar decimal representation [1, 3, 2, 5, 7,11,10], and continued fraction expansions [8, 16, 9].For the �rst family, consider the usual decimal representation.1 A numbersuch as 0:142 � � � can be unravelled from left to right as follows:0:142 � � �= 110(1 + 0:42 � � �); 0:42 � � �= 110(4 + 0:2 � � �); 0:2 � � �= 110(2 + 0: � � �)Thus, every digit d corresponds to an a�ne map �d with �d(x) = 110(d + x) =x+d10 . A number of the form 0: � � � can be any element of the closed interval[0; 1], and so, a number of the form 0:142 � � � can be any element of the interval1 This representation is not suitable for practical purposes, as it lacks redundancy, andthus, most arithmetic functions are not computable. However, it provides a familiarexample.



(�1 � �4 � �2)[0; 1] = [0:142; 0:143]. In general, the in�nite stream 0:d1d2d3 � � �represents the unique real number in the intersection T1n=1(�d1 � � � � ��dn)[0; 1].In the classical continued fraction expansion, irrational numbers in the inter-val [0;1] can be written as a0+ b0a1+ b1a2+��� with natural numbers an and bn. Everypair p = (a; b) corresponds to the rational function �p with �p(x) = a+ bx = ax+bx .Similar to the case above, an in�nite continued fraction corresponds to the in-tersection T1n=1(�p1 � � � � � �pn )[0;1].The formal similarity between the two approaches presented above leads tothe following generalisation [8, 16, 14, 12, 13, 15, 6]: Real numbers in some baseinterval I are represented by in�nite streams of digits. Digits are certain LinearFractional Transformations (LFT's) x 7! ax+cbx+d , parameterised by numbers a,b, c, d (in practical cases usually integers). The meaning of an in�nite stream�1; �2; : : : of LFT's is the intersection T1n=1(�1 � � � � � �n)(I). This intersection is�ltered (decreasing) if �n(I) � I holds for all digits �n.2.2 LFT's and MatricesEvery 2-2-matrix A = �ab cd� of real numbers denotes an LFT hAi, which isgiven by hAi(x) = ax+cbx+d . LFT's described by non-singular matrices, i.e., matricesA with determinant detA = ad � bc 6= 0, are considered as endofunctions ofIR? = IR [ f1g, the one-point compacti�cation of the real line. The value 1arises as r=0 with r 6= 0, and on the other hand, hAi(1) is de�ned to be a=b.For LFT's described by singular matrices, an additional `number' ? (unde�ned)is needed which arises as 0=0. The value of hAi(?) is de�ned to be ?.The mapping A 7! hAi is not one-to-one; for, hAi = hrAi holds for all r 6= 0.We shall write A �= B if hAi = hBi, or equivalently B = rA for some r 6= 0.Composition of LFT's can be expressed by matrix multiplication: hAi � hBi =hA �Bi. The equivalence relation `�=' is a congruence w.r.t. multiplication.The determinant detA is a well-known property of a matrix A.det �ab cd � = ad� bc det(A �B) = detA � detB det(rA) = r2 detA (1)By the last equation, the determinant of a matrix is not invariant under equiv-alence `�=', but its sign (1, 0, or �1) is, i.e., the sign of the determinant of Ais a well-de�ned property of the LFT hAi. LFT's with non-zero determinant(non-singular LFT's) are invertible; hAi�1 is given by hA�1i. Thus, non-singularLFT's form a group under composition.A rational LFT is an LFT which can be represented by a matrix with rationalentries, and therefore even by an integer matrix. As hAi = hkAi for k 6= 0, thereare in�nitely many integer matrices denoting the same rational LFT. An integermatrix is called k-reducible if k is a common factor of its four components.Division of a k-reducible matrix by k is called reduction by k. A matrix is inlowest terms if there is no common factor other than 1 and �1. All integermatrices di�erent from �00 00� are equivalent to an integer matrix in lowest terms.



To obtain an integer representation of hAi�1 for a non-singular integer matrixA, the pseudo-inverse A� can be used. It is de�ned by�a cb d�� = � d �c�b a � (2)Clearly, det(A�) = detA holds. The main property of the pseudo-inverse opera-tion is A �A� = A� �A = detA �E (3)where E = �10 01� is the identity matrix, and so, A �A� = A� �A �= E if detA 6= 0,whence hAi�1 = hA�i.2.3 The Signed Digit ApproachThe group of Edalat and Potts at Imperial College [13, 6] represents the elementsof IR? = IR [ f1g as in�nite streams of matrices S;D1; D2; : : :, standing forLFT's. The �rst matrix is a sign matrix, while the remaining ones are digitmatrices. The base interval is [0;1], and so, the meaning of the stream is1\n=1hS �D1 � : : : �Dni[0;1] : (4)The base interval [0;1] was chosen because there is a simple check for theinclusion property [14]: for a non-singular matrix A, hAi([0;1]) � [0;1] holdsi� all four entries of A are � 0, or all are � 0. Matrices with entries � 0 arecalled positive. Digit matrices are positive, and so, the intersection (4) is �ltered(decreasing).The number set IR? can be visualised as a circle.Intervals [u; v] are counter-clockwise arcs from uto v, e.g., [0; 1] = fx 2 IR j 0 � x � 1g, and[1; 0] = fx 2 IR j 1 � x or x � 0g [ f1g. &%'$0 11�1There are four possible sign matrices, corresponding to rotations by 0�, 90�,180�, and 270�. They can be explicitly described as follows:S+ = �10 01� hS+i [0;1] = [0;1]S1 = � 1�1 11� hS1i[0;1] = [1;�1]S� = �01 �10 � hS�i [0;1] = [1; 0]S0 = �11 �11 � hS0i [0;1] = [�1; 1]S0 and S1 are pseudo-inverse to each other; S0 � S1 = S1 � S0 = 2E holds.There are many possible sets of digit matrices, one for every base r > 1.Edalat and Potts [6] discuss non-integer bases, but their implementation usesbase r = 2. In this paper, we consider integer bases r > 1.



Fix an integer r > 1. Every real number in the interval [�1; 1] has a represen-tation as P1n=1 knr�n with integer digits kn satisfying jknj < r. (Digits may benegative [1].) As in Section 2.1, these digits correspond to a�ne maps �rk = hArkiwith Ark = �10 kr �.Since the base interval is not [�1; 1], but [0;1], the maps �rk have to betransformed into that interval. This can be done by composition with the mapshS1i and hS0i, which are mutually inverse bijections between [�1; 1] and [0;1].Thus, the actual digit matrices areDrk = S1 �Ark � S0 = �r + k + 1 r + k � 1r � k � 1 r � k + 1� : (5)Since the two entries in the top row di�er by 2, these matrices are either inlowest terms or 2-reducible. The latter case occurs i� the parities of r and k aredi�erent. In this case, reduction by 2 may be performed. Hence, we distinguishbetween unreduced digits Drk and reduced digits ~Drk = 12Drk. Table 1 illustratesthe case r = 2. In the column \lowest terms", the �rst and third matrix (k 6= 0)are reduced, while the second matrix (k = 0) is unreduced.Table 1. Digit matrices for base 2k A2k D2k lowest terms hD2ki([0;1])�1 � 10 �12 � � 22 04� � 11 02� [0; 1]0 � 10 02 � � 31 13� � 31 13� [ 13 ; 3]1 � 10 12 � � 40 22� � 20 11� [1;1]2.4 Computation by LFT'sLFT's can not only be used to represent real numbers, but also to performcomputations with real numbers. For the sake of simplicity, we only presentcomputations within the interval [0;1] where real numbers can be representedby a stream of digit matrices without a leading sign matrix.Using suitable LFT's x 7! ax+cbx+d , basic functions such as x 7! x+ 1, x 7! 2x,and x 7! 1x can be easily expressed. Recall that an LFT maps [0;1] into itselfi� it can be represented by a positive matrix (all components � 0).Given a positive matrixM , the actual computation of hM i(x) is performed bya sequence of absorptions and emissions. Absorption means thatM consumes the�rst digitD of x, thereby becomingM �D, which is positive again. It correspondsto the equality M � (D1 �D2 � : : :) = (M �D1) � (D2 � : : :) : (6)



Emission means that M produces one further digit D of the result, therebybecoming D� �M . It corresponds to the equivalence(D1 � : : : �Dn) �M �= (D1 � : : : �Dn �D) � (D� �M ) : (7)Emission of a digit D is allowed only if D� �M is positive. Therefore, a possiblestrategy for the computation of hM i(x) is as follows: emit digits until no furtheremission is possible, then absorb one digit of x, again emit digits until no longerpossible, etc.2.5 TensorsTo compute sums, products, etc., two-dimensional LFT's are employed. Theyare characterised by 8 parameters, and thus can be represented by 2-4-matrices,so called tensors. A tensor T = �ab cd ef gh� denotes the function hT i : IR?? �IR?? ! IR?? given by hT i(x; y) = axy+cx+ey+gbxy+dx+fy+h . For integer tensors, the notionsof reducible, reduction, and lowest terms can be de�ned analogous to the case ofmatrices. Likewise for positivity: a two-dimensional LFT maps [0;1]2 to [0;1]?i� it can be represented by a positive tensor, i.e., a tensor with components� 0. Because of these analogies, we refer to matrices and tensors collectively astransforms.It is easy to represent addition, subtraction, multiplication, and division bysuitable integer tensors [8, 16, 14, 12, 13]. Tensors may also be used to repre-sent transcendental functions, e.g., arctanx = hT0i(x; hT1i(x; hT2i(x; : : :))) whereTn = � 0(n+1)2 10 00 02n+1�. It remains to show how to actually compute hT i(x; y)for a given positive integer tensor T [12,13].Emissions can be done as in the one-dimensional case: in emitting a digit D,tensor T is replaced by D� � T , which is a tensor again. Emission of D is onlyallowed if D� � T is positive.Since digits can be absorbed from both arguments, there are two kinds ofabsorptions: absorption of a digit D from the left argument transforms T intoT �L(D), while absorption from the right argument yields T �R(D). Here, L(D)means D
E, and R(D) means E
D. An explicit de�nition of these operationslooks as follows:L�a cb d� = 0BB@a 0 c 00 a 0 cb 0 d 00 b 0 d1CCA R�a cb d� = 0BB@a c 0 0b d 0 00 0 a c0 0 b d1CCA (8)They satisfy the following equations:L(A �B) = L(A) � L(B) R(A �B) = R(A) �R(B) (9)L(E) = R(E) = E4 L(A) �R(B) = R(B) � L(A) (10)where E4 denotes the identity 4-4-matrix.



Right absorption can be easily expressed with block matrices. Observe R(A) =�A0 0A� where the four entries are matrices. Likewise, a tensor can be written asa row (TL; TR) of two matrices, and so(TL; TR) �R(A) = (TLA; TRA) : (11)Left and right absorption are closely connected. Let T� be T with the two middlecolumns exchanged. Then(T � L(D))� = T� �R(D) (T �R(D))� = T� � L(D) : (12)Later, we shall see that D-emissions and D-absorptions have many properties incommon. Thus, we introduce a common name: a D-transaction at a transformis either a D-emission or a D-absorption.3 Small FactorsAfter a transaction at a transform in lowest terms, the entries of the resultmay have a non-trivial common factor. The most drastic example is D� �D =detD � E for a digit matrix D. Yet apart from this, practical experience showsthat common factors are usually quite small. The goal of this section is to �ndbounds for such factors. We start o� with a property involving determinants.Proposition 1. Let A be a matrix, and let B be a transform in lowest terms.Then every common factor of the entries of A �B divides detA.Proof. Let g be a common factor of A � B, i.e., A �B = gC for some transformC. We may compute:g � (A� �C) = A� � gC = A� �A �B (3)= (detA � E) �B = (detA) �B :Hence, g divides (detA) �B. Since B is in lowest terms, g must divide detA. utFor matrices, there is a dual statement with an analogous proof so that weobtain:Theorem 2. Let A and B be matrices in lowest terms. Then every commonfactor of A �B divides both detA and detB.There is a similar statement for the two versions of multiplying a tensor anda matrix:Proposition 3. Let T be a tensor in lowest terms, and M an arbitrary matrix.Then every common factor of T � L(M ) or T �R(M ) divides detM .



Proof. We consider the L case; the other one is analogous. If T �L(M ) = gC forsome tensor C, theng � (C � L(M�)) = T � L(M ) �L(M�) (9)= T �L(M �M�)(3)= T � L(detM � E) (10)= T � (detM � E4) = (detM ) � TSince T is in lowest terms, g divides detM . utNow, consider a transform T in lowest terms. Let T 0 be the result of a D-absorption at T , i.e., T 0 = T �D if T is a matrix, or T 0 2 fT �L(D); T �R(D)g ifT is a tensor. By Theorem 2 and Proposition 3, any common factor of T 0 dividesdetD. If T 0 is the result of a D-emission at T , i.e., T 0 = D� �T , then by Prop. 1any common factor of T 0 divides detD� = detD. Summarising, we obtain:Theorem 4. Let T be a transform in lowest terms, and D a digit matrix. Aftera D-transaction at T , any common factor of the result divides detD.How big is detD? Recall the de�nition of the digit matrices for base r fromSection 2.3. As Ark = �10 kr�, detArk is r. Since detS0 = detS1 = 2, we havedetDrk = det(S1ArkS0) = 4r. Therefore, we obtain det ~Drk = r for reduced digits~Drk = 12Drk.Corollary 5. Let T be a transform in lowest terms, and D a digit matrix forbase r. After a D-transaction at T , any common factor of the result divides 4rif D is unreduced, and even divides r if D is reduced.Specialising to the case r = 2, we see that any common factor of the resultdivides 2 in case of a transaction with a non-zero digit (k 6= 0), and divides 8 incase of k = 0.Corollary 12 in Section 6.4 shows that in many cases, the result of Corollary 5can be strengthened from 4r (r) to 2 (1), ruling out most reductions.4 Possibilities for ReductionsIn the last section, we have seen that there is not much potential for reductions.Here, we show a result of opposite 
avour: certain reductions are always possible.Consider unreduced digit matrices Drk = S1ArkS0. We have already men-tioned that some of them are in lowest terms, while others are 2-reducible; higherreducibilities do not occur. Multiplying two digit matrices yields:DrkDr0k0 = S1ArkS0S1Ar0k0S0 = 2S1ArkAr0k0S0 = 2Drr0kr0+k0 (13)Here, the second equality is due to S0S1 = 2E, and the third due toArk �Ar0k0 = �1 k0 r� ��1 k00 r0� = �1 k0 + kr00 rr0 � (14)



together with the estimation jkr0 + k0j � (r � 1)r0 + (r0 � 1) = rr0 � 1.Iterating (13) leads toDrk1 � : : : �Drkn = 2n�1Drnk where k = nXi=1 kirn�i : (15)Hence, we obtain:1. The product of n digit matrices is always 2n�1-reducible.2. After 2n�1-reduction, the result is again a digit matrix, and so it is either inlowest terms or 2-reducible.The result of applying n1 absorptions and n2 emissions of unreduced digits to amatrixM has form A�2 �M �A1 where Ai is a product of ni digit matrices. Thus,the result has a common factor of 2n1�1 � 2n2�1 = 2n1+n2�2. For a tensor T , weobtain a result of the form A�3 � T � L(A2) �R(A1), and thus a common factor of2n1+n2+n3�3.Theorem 6. Let T0 be some initial transform, and Tn the result of applying ntransactions with unreduced digits to T0. Then Tn is at least 2n�2-reducible incase of matrices, and at least 2n�3-reducible in case of tensors.5 An Upper Bound for the EntriesNext, we derive an exponential upper bound for the entries of a transform aftern transactions. An estimate for the entries is the maximum of their absolutevalues: 

( ab cd )

 = max(jaj; jbj; jcj; jdj) for matrices, and analogously for tensors,and vectors �ab �. Let us consider how this norm is a�ected by emissions.Recall the de�nition of the digit matrices for base r (Equation (5) in Sec-tion 2.3): Drk = � r + k + 1 r + k � 1r � k � 1 r � k + 1� : (16)Consider the product of (Drk)� with a vector �uv �:(Drk)� �uv� = �1� k + r 1� k � r1 + k � r 1 + k + r��uv� = � (1� k)(u+ v) + r(u� v)(1 + k)(u+ v) � r(u� v)�(17)Using jkj < r, we obtain
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 (18)Since the norm of a transform is the maximumof the norms of its column vectors,we obtain k(Drk)� � Tk � 2rkTk | for unreduced digits. For reduced digits, theright hand side is rkTk.



Now, let us study absorption. For the absorption of a digit into a matrix, itsu�ces to consider products (u; v) �Drk of a row vector and a digit matrix.(u; v)� r + k + 1 r + k � 1r � k � 1 r � k + 1� = (r(u+v)+(k+1)(u�v); r(u+v)+(k�1)(u�v))By an estimation as above, we obtain kM �Drkk � 2rkMk for matricesM . By (11),the block formula for right absorption into a tensor, an analogous result holdsfor kT �R(Drk)k, and by (12), the formula connecting left and right absorption,the same holds for kT � L(Drk)k. Summarising, we obtain:Proposition 7. Let T be a transform, D a digit matrix for base r, and T 0 theresult of a D-transaction at T . Then kT 0k � 2rkTk if D is unreduced, andkT 0k � rkTk if D is reduced.By induction, we see that after n transactions, kT 0k � (2r)nkTk holds ifunreduced digits are used. Applying all the reductions that are possible by The-orem 6, we obtain:Theorem 8. Let T0 be some initial transform, and Tn the result of applying ntransactions in base r to T0, and all possible reductions. Then kTnk � 4rnkT0kin case of matrices, and kTnk � 8rnkT0k in case of tensors.In the moment, there is some hope that further reductions may lead to amuch smaller increase. Unfortunately, we shall soon see that this does not work;in most cases, an exponential increase is guaranteed.6 Big Numbers in MatricesIn this section, we derive lower bounds for the entries of a matrix after n transac-tions and all possible reductions. This is done by observing how the determinantand another quantity, the column di�erence, are changed by transactions andreductions, and by deriving a reduction invariant from this.6.1 DeterminantDeterminants are easy because of det(A � B) = detA � detB. The determinantsof the digit matrices and their pseudo-inverses are calculated in Section 3 justbefore Corollary 5. In the following list, let M be a matrix, and let M 0 be theresult of applying a transaction to M .{ Transaction with an unreduced digit: detM 0 = 4r detM ,{ Transaction with a reduced digit: detM 0 = r detM ,{ Reduction by k: detM 0 = 1k2 detM .These facts allow the derivation of an upper bound for the determinant after ntransactions. Working with unreduced digits gives a factor of (4r)n, and perform-ing all reductions admitted by Theorem 6 gives a factor of 2�2(n�2). Together,we get the following:



Theorem 9. Let M0 be some initial matrix, and Mn the result of applyingn transactions in base r to M0, and all possible reductions. Then j detMnj �16rnj detM0j.6.2 Column Di�erenceConsider again the explicit formulae for digit matrices of base r and their inverses(Equation (5) in Section 2.3):Drk = �r + k + 1 r + k � 1r � k � 1 r � k + 1� (Drk)� = �1� k + r 1� k � r1 + k � r 1 + k + r� (19)It is easy to see that in both cases the di�erence of the two column sums is 0.This motivates the de�nition of the column di�erence cd �ab cd � = (a+b)�(c+d)of a matrix. Thus, cdDrk = cd(Drk)� = 0. In general, cdA� = � cdA holds.Let us compute the column di�erence of the product of A = �ab cd� andB = �a0b0 c0d0 �:cd(A �B) = cd�aa0 + cb0 ac0 + cd0ba0 + db0 bc0 + dd0�= (a+ b)a0 + (c+ d)b0 � (a + b)c0 � (c+ d)d0= (a+ b)(a0 � c0) � (c + d)(d0 � b0)If B = Drk, then a0 � c0 = d0� b0 = 2, and so, cd(A �Drk) = 2 cdA. If A = (Drk)�,then a+ b = c+ d = 2, and so, cd((Drk)� �B) = 2 cdB. If reduced digits are usedinstead, the factor 2 disappears. Thus, we obtain:{ Transaction with an unreduced digit: cdM 0 = 2 cdM ,{ Transaction with a reduced digit: cdM 0 = cdM ,{ Reduction by k: cdM 0 = 1k cdM .Hence, the properties of having zero or non-zero column di�erence are transac-tion invariants.6.3 The QuotientLet M be a matrix with cdM 6= 0. For such a matrix, the quotient qcdM =detM(cdM)2 is a well-de�ned rational number. By a transaction with an unreduceddigit, this quotient is multiplied by 4r22 = r; by a transaction with a reduceddigit, the factor is r12 = r; and a k-reduction yields a factor of 1=k2(1=k)2 = 1. Thus,the quotient qcd is invariant under reductions, and is multiplied by r in everytransaction.Lemma 10. Let M0 be some initial matrix with cdM0 6= 0, and Mn the resultof applying n transactions in base r to M0, and all possible reductions. ThenqcdMn = rn qcdM0.



6.4 Big DeterminantThe equation in Lemma 10 can be turned into an integer equation by multiplyingwith the denominators:detMn � (cdM0)2 = rn � detM0 � (cdMn)2 (20)If cdM0 6= 0, then cdMn 6= 0, too. As an integer, (cdMn)2 is at least 1. Hence,we obtain: j detMnj � (cdM0)2 � rn � j detM0j (21)This gives a lower bound for the determinant; an upper bound was provided byTheorem 9.Theorem 11. Let M0 be some initial matrix with cdM0 6= 0, and Mn the resultof applying n transactions in base r to M0, and all possible reductions. Thenj detM0j(cdM0)2 � rn � j detMnj � 16j detM0j � rn :The upper bound was obtained by working with unreduced digits and per-forming the 2n�1-reduction guaranteed by Theorem 6. In case of detM0 6= 0, thequotient of upper bound over lower bound shows that only a constant numberof further reductions is possible; they combine to a factor of at most 4 cdM0.This implies the promised strengthening of Corollary 5:Corollary 12. When working with a matrix with non-zero determinant and col-umn di�erence, the average maximal reducibility is 2 after a transaction with anunreduced digit, and 1 after a transaction with a reduced digit.6.5 Law of Big Numbers for MatricesA lower bound for the determinant of a matrix M can be turned into a lowerbound for the norm kMk using the inequality kMk �q12 j detM j, which followsfrom the de�nition of the determinant as det �ab cd� = ad� bc. Thus, we obtaintogether with Theorem 8:Theorem 13. Let M0 be some initial matrix with cdM0 6= 0, and Mn the resultof applying n transactions in base r to M0, and all possible reductions. Thens j detM0j2(cdM0)2 � �pr�n � kMnk � 4kM0k � rn :Thus, if in addition detM0 6= 0, even if all possible reductions are performed, theentries of the matrix are bound to grow exponentially in the number of transac-tions.It sounds a bit more optimistically to speak of the bit sizes of the entriesinstead of the entries themselves. The bit size of a number m is logm.



Theorem 14 (Law of big numbers).Let M be a matrix with non-zero determinant and non-zero column di�erence.After n transactions at M , at least one entry of the result has bit size 
(n),even if all possible reductions are performed.The law of big numbers means that the usage of big integers is unavoidablein exact real arithmetic, at least in the signed digit approach of Edalat's group.It applies even in the simplest cases. For instance, doubling of an unsigned realis e�ected by the matrix �20 01� that has determinant 2 and column di�erence 1,hal�ng by �10 02� with determinant 2 and column di�erence �1, and addition of1 by the matrix �10 11� with determinant 1 and column di�erence �1.The law of big numbers does not apply to matrices with zero column di�er-ence. The simplest example is the identity matrix E = �10 01�. According to (3),after a D-absorption, a subsequent D-emission, and a reduction by detD, theidentity matrix is recovered. Repeating this cycle, we see that there are arbi-trarily long sequences of transactions at the identity matrix which do not leadto entries bigger than 4r. It is an open problem whether such a �xed bound canbe found for any matrix with column di�erence 0.7 Big Numbers in TensorsIn this section, we derive analogues of the results of the previous section fortensors. The proceeding is similar, but a major obstacle is that tensors do nothave determinants. Fortunately, a suitable substitute can be found.7.1 Double Column Di�erenceWe start by introducing an analogue to the column di�erence of a matrix. Fora tensor T , the double column di�erence dcdT is de�ned bydcd�a c e gb d f h� = (a + b)� (c+ d)� (e + f) + (g + h) : (22)Writing a tensor T as a row (TL; TR) of two matrices, the double column di�er-ence can be reduced to the columndi�erences of the two matrices: dcd(TL; TR) =cdTL � cd TR. Hence, by (11) and the properties of cd, we obtain for all digitmatrices Ddcd((TL; TR) �R(D)) = cd(TL �D) � cd(TR �D) = 2 dcd(TL; TR) :By (T �R(D))� = T� � L(D) (12) and dcd(T�) = dcdT , we obtain the corre-sponding formula dcd(T � L(D)) = 2 dcdT .We still have to derive a formula for emission. Recall (17)(Drk)��uv� = � (1 � k)(u+ v) + r(u� v)(1 + k)(u+ v) � r(u� v)� (23)



which implies (Drk)��uv� = �u0v0� =) u0 + v0 = 2(u+ v) : (24)From this, dcd(D� �T ) = 2 dcdT follows for all digit matrices D. Therefore, dcdfor tensors behaves exactly as cd for matrices:{ Transaction with an unreduced digit: dcdT 0 = 2dcd T ,{ Transaction with a reduced digit: dcdT 0 = dcd T ,{ Reduction by k: dcdT 0 = 1k dcdT .Again, the properties of having zero or non-zero double column di�erence aretransaction invariants.7.2 Column DeterminantA suitable substitute for the determinant of a matrix is the column determinantcdet T of a tensor T , de�ned bycdet�a c e gb d f h� = (a+ b)(g + h)� (c+ d)(e+ f) : (25)Because of (24), cdet(D� � T ) = 4 cdet T holds for all tensors T and digit ma-trices D. Note that in contrast to the determinant of matrices, the factor is notdetD� = 4r, but only 4. On the other side, the column determinant is multi-plicative w.r.t. absorptions; for any tensor T and matrix M ,cdet(T � L(M )) = cdet(T �R(M )) = cdet T � detM (26)holds. Here, the �rst equality follows from (12) and cdet(T�) = cdet T , whilethe proof of the second equality is a straightforward, but tedious exercise inalgebraic manipulations.Summarising and specialising to the case of digit matrices, we obtain:{ Emission of an unreduced digit: cdet T 0 = 4 cdet T ,{ Emission of a reduced digit: cdet T 0 = cdet T ,{ Absorption of an unreduced digit: cdet T 0 = 4r cdet T ,{ Absorption of a reduced digit: cdet T 0 = r cdet T ,{ Reduction by k: cdet T 0 = 1k2 cdet T .In contrast to matrices, emissions and absorptions behave di�erently.7.3 The QuotientFor a tensor T with dcdT 6= 0, we consider the quotient qdcdT = cdetT(dcdT )2 . Thisquotient is invariant under reductions and also invariant under emissions. Everyabsorption yields a factor of r.



Lemma 15. Let T0 be some initial tensor with dcd T0 6= 0, and Tn the result ofapplying n absorptions, any number of emissions, and all possible reductions toT0. Then qdcd Tn = rn qdcd T0.As in the case of matrices, a lower bound for the column determinant follows:Theorem 16. Let T0 be some initial tensor with dcd T0 6= 0, and Tn the resultof applying n absorptions, any number of emissions, and all possible reductionsto T0. Then cdet Tn � j cdetT0j(dcd T0)2 � rn :7.4 Law of Big Numbers for TensorsFor tensors T , kTk � 12q12 j cdet T j = q18 j cdetT j holds. Thus, we obtain to-gether with Theorem 8:Theorem 17. Let T0 be some initial tensor with dcd T0 6= 0, and Tn the resultof applying n absorptions, any number of emissions, and all possible reductionsto T0. Then s j cdet T0j8(dcd T0)2 � �pr�n � kTnk � 8kT0k � rn :Theorem 18 (Law of big numbers for tensors).Let T be a tensor with non-zero column determinant and non-zero double columndi�erence. After n absorptions and any number of emissions at T , at least oneentry of the result has bit size 
(n), even if all possible reductions are performed.7.5 ExamplesThe tensors that realise the four basic arithmetic operations satisfy the hypothe-ses of the law of big numbers:Addition: �00 10 10 01� cdet = �1 dcd = �1Subtraction: �00 10 �10 01� cdet = 1 dcd = 1Multiplication: �10 00 00 01� cdet = 1 dcd = 2Division: �00 10 01 00� cdet = �1 dcd = �2Yet the tensor for the mean value operation is di�erent:Mean value: �00 10 10 02� cdet = �1 dcd = 0Does this mean that 12x, which leads to big numbers as shown in Section 6.5,can be computed as 0+x2 avoiding big numbers? The answer is no, at least in thecase r = 2. Let TR be the matrix on the right hand side of the tensor T . Theequations (D� � T )R = D� � TR and (T �R(D))R = TR �D hold for all tensors



T and digit matrices D. This means that the right half of �00 10 10 02� behavesexactly as the hal�ng matrix �10 02� during emissions and absorptions from theright. Since the number 0 is represented by the in�nite product ( ~D2�1)!, and(T � L( ~D2�1))R = 2TR, the correspondence is only changed by a common factorduring absorptions from the left. Hence, after any number of transactions, theright half of the resulting tensor is a multiple of the matrix resulting from �10 02�by the corresponding sequence of transactions. Thus, it has entries which are atleast as big as the entries of the matrix, which are big by Theorem 14.8 Discussion and ConclusionThe laws of big numbers as derived in this paper apply to unsigned reals only.For instance, hal�ng in the zero interval [�1; 1] with base r = 2 means puttingD20 in front of the unsigned part of the argument, an operation possible withoutemploying big integers.Of course, our results crucially depend on the choice of the digit matrices.All digit matrices for all bases have zero column di�erence, and this fact isimplicitly used in the derivations of the formulae for the cd and dcd valuesafter transactions. A completely di�erent choice of digit matrices, with non-zerocolumn di�erence, may change everything. Also, the results may look di�erentif irrational bases are used such as the golden ratio. However, we believe thatbig numbers cannot be avoided even in these cases, although we do not have aproof.The appearance of big integers a�ects the complexity of real number arith-metic. Consider an LFT satisfying the hypotheses of the laws of big numbers. Ifit absorbs and emits digits one by one, then the nth transaction needs time 
(n)since it involves integers of bit size 
(n). Consequently, the computation of the�rst n digits of the result of the LFT needs time 
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