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Abstract. Abstract: The iIRRAM is a very efficientC++ package for error-
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from ordinary arithmetic over trigonometric functions todar algebra even with
sparse matrices. We discuss the concepts and some hightifjtite implemen-
tation.
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1 Introduction

In the last decade, several implementations of exact réhinaetic based on differ-
ent theoretical approaches or programming languages heee 8iscussed, see e.g.
[BoCa90] (essentially based on decimal representati@gPp97] (linear fractional
transformations), or [GLOO] (using multiple precisiontaretic). All these approaches
lack the possibility of full imperative programming that uld facilitate the implemen-
tation of the usual numerical algorithms.

In [BrHe95], Brattka and Hertling considered a differenpegach: a Turing ma-
chine based simulation of random access machines workitigreéls. The basic idea
was to iterate a finite precision approximation of the RAM ialincrease the precision
from iteration to iteration.

In[Mu97], the author presented a prototype implementaiised on this simulator:
an interactive Real-RAMIRRAM). A preliminary version had already been presented at
the Second Workshop on Computability and Complexity in Asil, August, 24/25th
1996, Trier, Germany. Since then, the package has beenattiystnhanced and im-
proved. Its stability has been proven by computations takeveral weeks of time, pro-
ducing just a few numbers for a small table in [HMOQ]. The sewf the software pack-
age can be found &titp://www.informatik.uni-trier.de/"mueller/

A program for the iIRRAM is coded in ordinai@++ but may use a special class
REAL that behaves like real numbers without any error. A quitalsset ofintrinsic
operations is allowed to be used directly with variableshi$ type: usual arithmetic
operations, tests (with a special semantic defined belawpud, and conversion to/from
integer or other types. The programmer may use (almost)ratjramming methods
from C++, like defining own data types (like real matrices or complaribers, which
are already implemented in this way) and functions (eveaurnétg real values).

The most important extension to the original simulator fril@rHe95] was the im-
plementation of a few very powerful operators for the conagion of limits of user-
defined sequences. The operators even allow to computevalltd functional limits



like the complex square root [Mu98]. With their use, e.g. fihiéset of trigonometric
functions fromsinto acosectcould be implemented easily using a simple Taylor series
approach. The powerful AGM methods [Bo87,Bt76,Sch90] Haeen used for special
values liker or log(2) or for very efficient implementations dbg(z).

This ability of computing limits seems to be a unique feawfréthe iIRRAM. The
limited scope of algebraic or symbolic computations on reahbers is left as soon
as these operators are used. From this point on, Type 2 ThddEffectivity (TTE)
[Ko91,We95,We97] is the best fitting theoretical model.sThmplies e.g. that com-
putable functions must essentially be continuous, thatrit longer possible to check
whether two real numbers are equal, etc.

A certain relaxation of the ‘law’ that computability impsecontinuity has been
discussed e.g. in [BrHe94,BrHe95,Br96,Bro9]: Insteacbafiputing ordinary functions
we may also compute set-valued functidiise.g. F : R — 2%. Computing such a
function F' for an argument means that the result of the computationfobn z must
be one of the values in the sB{z).

In the IRRAM the set-valued’ appears like an ordinary (botulti-valued function
f,where we use the notatigh: R ~s R to express the multi-valuedness. Here the value
f(z) must be one of the elementsBfz). The actual choice of the value is hidden from
the user and appears to be nondeterministic: The samay lead to different results
f(z) at different points of a computation.

The source code for the IRRAM is ordina@y+, as already said. However, some re-
strictions are necessary: The user shawdtluse the normal 10 operations, as this could
lead to surprising and annoying results. Dynamic allocatibmemory withmalloc
should be used as rarely as possible, while the usflafa should be possible with-
out problems. The use of external libraries has to be handgl#dcare, as they will
normally not be suited for the special semantics of the iRRAM

With these restrictionsC++ looses a lot of its universal character, but more than
enough is left to do numerical work. The following simple exzle contains some of
the most important features of the implementation and shgive a rough impression
of the implementation:

1 #include "REALLIB.h"

2

3 REAL maxapprox (long k, const REAL& X, const REAL& y){
4 if ( positive(x-y,k) ) return x;

5 else return v;

6

7

8 REAL max (const REAL& X, const REAL& y){
9 return limit(maxapprox,x,y);

10}

11

12 void compute() {

13

14 REAL x1 = 3.14159;

15 REAL x2 = "3.14159"

16 REAL x3 = pi();



18 rwrite(x1,-200,65); rprintf("\n");

19 rwrite(x2,-200,65); rprintf("\n");
20 rwrite(max(x3,x2),-200,65); rprintf("\n");
21 }

22

23 int main (int argc,char **argv) {
24 iRRAM_initialize(argc,argv);

25 iIRRAM_exec(compute);

26 }

We will briefly explain this program in the following:

— Line 1 is the import of the necessary definitions.

— Lines 3-6 show an example of a simple self-defined real-ebluection.

— Line 4 shows applications of the usual control structure€++ and of the over-
loading of operators that allow to build arithmetic expiess, here simply-y .
The functionpositive(x-y,k) is an ‘intrinsic’ (see below) multi-valued test
whetherx-y is positive. In the intervat—y € (—2*, 2¥), the result may be wrong,
i.eitmay betrue aswell adalse .Inconsequencepaxapprox returnsavalue
that differs from the maximum of andy by at most2*.

— Lines 8-10 are an example for the limit computing capabiitof the IRRAM: The
maximum ofx andy is the limit of maxapprox(k,x,y) fork — oc.

— Lines 12-21 define the core procedammpute() of this IRRAM example.

— Lines 14-16 show three of the possible initializationsREAL variables: from a

double, from a strin% or from a function (returningy. )
— Lines 18-20 show I/O that has to be done through special immetin this example

values are printed with an error of at ma@st2%° ~ 10-%' and with a width of
exactly 65 characters (including the exponent), so eactvistiecimal has to be
correct and the resulting output is as expected:
+.3141589999999999882618340052431449294090270996093 75000000E+0001
+.3141590000000000000000000000000000000000000000000 00000000E+0001
+.3141592653589793238462643383279502884197169399375  10582097E+0001
The first line of the output shows the result of the initialiaa from aC++ double
with a mantissa of 53 bits leading to about 15 correct de@ntdbwever, the full
conversion to a decimal form gives one nonzero decimal fohexd the 53 bits.
The second line comes from the (much slower) initializafimm a string, where
we get the precise intended value of the string constant.tfing line shows the
value ofr (which is computed using an AGM iteration, see e.g. [Ba88.8Bp

— Lines 23-26 definenain , which is optional. Ifmain is missing, exactly this four
line definition of main is used as default. This allows to use the iRRAM in two
ways: (i) As a package for exact arithmetic with a special astins explained in
the next section, and (ii) as a tool for approximate arithneith ‘usual’ semantics
explained in section 14.

The paper is structured as follows: In the following two g&ts$ we give a sketch of
the semantics and of the corresponding simulation. In@edtto 9 we will explain this
simulation in more detail and with emphasis on those implgat@nal details that have
great influence the efficiency. Section 10 is devoted to th& tomputing capabilities
of the iRRAM. The rest of the paper aims at applications anggian overview of
additional features of the implementation.



2 Semantics of the iRRAM

The iIRRAM implements an imperative programming languageréal numbers, as
said in the previous section. We will give a rough idea of theotretical background
by sketching a corresponding operational semantics (witgoing into all the details).
This greatly simplifies the explanation of the concepts efiBRAM. The later sections
will show how the semantics is realized by the implementatio

In the following, letP be a program for the iRRAM, or more precisely: a program
P that is called viaRRAM_exec (P).

— We assume that input and output®fmay each consist of two vectors of natural
and real numbers, i.e. we have iaput and output spacl = N* x R*. Here the
natural numbers might represent encoded values of otheasdbng as these are
denumerable.

— For simplicity, we assume th&t:= N* x R* x M is the set of possibleonfigura-
tionsduring the computation oP. We further assume that appropriate encodings
are used to represent the state of the program executionlbasibe values of all
discrete valued variables (including integers, floatintnppumbers, strings, point-
ers etc.) of P as natural numbers, which are given as the first compomgnof
a configuratiors = (mg, m,, (04, 0,)). The second component, represents the
real-valued variables within the program, and the third porrent consists of the
discrete outpub, and the real outpus, produced during the computation. The
input toP is not included in these configurations.

— On the configurations, the progress of the computation caxpressed via tian-
sition relation = C S xS that depends on the progréand a given input vector

T € M, or equivalently as a (multi-valued!) transition functi®ap : S~s S.

The finite iteration % and the transitive closur%%» of 7 are defined as
usual, e.gs Iﬁ’% s'iff s = sg S FE - 7 Sn = s' for some states;.

We assume that the output is append-only, i.e. it can nelitbeead or rewritten.
Using = this property can be expressed via:

(ma, my, (0a,0r)) I% (mélam;a (0217 0;))

implies o, = 04 0 0}, 0. = 0, o o] for someo};, o
and

(mdamra (Od: 07“)) I=*P> (mldam;w (Od ° Oldla Or © O;“I))

i (ma,my, (e,€)) 75 (mlm), (o) o))

Heree denotes the empty string andlenotes the concatenation of strings.
Because of the enormous complexity®f+and the encodings necessary to achieve
the simple configuration s&, we will notexplicitly define = here, but it should

correspond to ‘elementary’ operations within the progrike, entering or leaving
loops, evaluation of (sub-)expressions, assignments, etc



Basic operations of the IRRAM on the data tyREALIlike elementary arithmetic
are also assumed to be executed within one single transitfese operations will
be calledintrinsic in the following. It is the appropriate choice of these insics
that determines the computational power and as well as thkementability of the
iIRRAM. We will only use intrinsics that are computable mulélued function in
the sense of TTE, which implies certain restrictions: Faareple, there is no test
for equality of real numbers.

— We assume there is a distinct initial configuratign= (¢, ¢, (¢, ¢)). Furthermore
there are a seb* of configurations, where the program terminates succegsful
and a se6~, where the program fails with an error, for example due tasitin of
areal by zero. So for € ST U S, there is nos’ with s 7 s’

A computationis either a finite sequencg = 51 7% S2 7 - Sn such that

sn € ST U S~ (called terminating or failing computations) or an infinequence
of statessg Sy S T with s; € ST U S~ forall i.
Please note that due to the multi-valued naturezz% (and similar to nondeter-

ministic machines), there may be many distinct éomputat'mmd there may even
exist computations of different types for the same irput
— Finally, the computed multi-valued functidip: M a» M is defined by

Sp(Z) ={0 | 5o I:*P> (mg,m,,0) € ST}

for any admissibl€. Here an inpuf € M is called admissible, iﬁﬁ has neither

failing nor infinite computations.
SoSp(Z) is only defined if all possible computations are terminatargd then the
valueSp(Z) consists of all possible results from these computations.

3 Simulative concept of the IRRAM

In order to realize this semantics, the implementation efiRRAM essentially sim-
ulates the real valued parts &f while preserving (almost) any computation on the
discrete parts. Internally, the simulation is done withie taccess method to the real
numbers. In consequence, there is no overhead to the diguaets of the computa-
tions; a purely discrete program within the iRRAM would befast as outside of the
iIRRAM.

— The iRRAM uses a representation of real numbers that is basedsubset of the
intervals with rational endpoints. So lét= {(l,r) |l <r, I,7 € Q}.
A real number: is uniquely determined by an infinite sequence

J = ((ZO,TO); (11,7"1),([2,1“2),...) €J™®

iff liml; = supl; = infr; = limr;(= z). In this case we writey(J) = z, SO
o is a (partial) surjection frond> onto R. Here we only use that all the single
intervals contairx and finally become arbitrarily small; nested intervals oneeg



convergence speed are not necessary. iEpiesentatiory of the real numbers can
be extended in an obvious way to a surjectidinom (J>°)* ontoR*.
Instead of the input spadé = N* x R*, we useM = N* x (J*°)*, i.e. each real

numberz is replaced by an (arbitrary] € o~ (x). We will useT L 7 to denote
thatZ = (iq, i), Z = (ia,ir), ando(i,) = i,.
The simulation will obviously not be able to write a real nuenlor an infinite
sequence of intervals within finite time, so as an (interraggirepresentation of the
outputwe usél’ = N*x (J*)*. The relatior< betweert andi’ that corresponds
to the simulation of outputis more complex thanForO = (04, 210...02,) € M
andO = (Ed, (J171 0...0 Jle) 0...0 (Jﬁ’l 0...0 Jﬁ’jﬁ)) € Mf we write O g [}
iff oq € N* is a prefix of;, € N*, n < 7, aldxk € ﬂjgjk Ji,; foranyk < n.
So all components fror® must be present i@¥, either in an identical form for the
discrete parts, or at least in a ‘consistent’ way for the paats. It is important to
notice thatD may have more components thén

— The configuration set of the simulation will B := N* x J* x M’ x Z x N*.

Please note tha is denumerable, in contrast & So we are able to represent
these configurations using ordinary data structures f€am.

The two configuration sets are connected via a simulatimgioeiﬁ with
s A
s=(mg,z10...02,,0) ~ 5= (Mg, Jio...0J57,0,0,q)

iff mqg = mgq,n = m, z; € J; forall i<n, and if O 2 0. so the simulating
configuratiors covers the same information on the discrete part of the simulated
configurations (i.e. ordinary data structures and process state), buésepis each
internal real by just one interval. The meaning of firecision bound and the
multi-value cachg will be explained later on.
The initial state of the simulation will b& = (e, ¢, (¢,€), Do, €) (again,po will be
explained later).

— On these simulating configurations, the progress of the ctation is given by a
transition relatlon-? C S x S (with |terates-? and closure-? ).

In contrast to the multi-valuedness %f% this transition 7 will be single-
valued, i.e. for any given configuratiGnthere is at most one configuratishwith

S 5.
Again, the outpu® = (4, (J110...0J1j,)0...0(Jp10...0J, ;. )) IS append-
only, i.e. a written natural number will be appendedp a written interval will
either appended to one of the sequencgs; o ... o Jyex,j, ) or will start a new
sequence. This is necessary to ensure that the output modt@any point during
the simulation will remain valid forever.

In consequence the simulator as implemente@+* does not need to store any
produced output. Although the configurations contain thgpwiu(to simplify the
description), it will not lead to any noticeable overheadtie execution of the
simulation.

— ForinputsZ € M andZ € Mwith Z £ 7, the transition relations have the following
two central properties:



correctness: s
For anys € S with 5g # s there is (at least ong) € S with s ~ 5 and

soﬁs

restricted completeness:
For anys 2 5 ands’ with S0 Iﬁr? S TH s' and%ﬁ s there ares’” 2 5"
such thats il s ands # 5",
It is important to note that we have a one step transition fsaim s, but it may
take more time to reacst’ from s. .
Instead of the successful configurati@ts, there is a se¥~ of reiteration configu-

rationssuch thats ~ sands € S+ impliess € 5°.
For such a reiteration configuration, the transition relat'ﬁ is defined as

(m_d, my, Oaﬁ: a) ﬁ (Ea g, O:ﬁl: a)

with p' << p, i.e. the simulation is essentially restarted with an inveeprecision
boundp’. Only the multi-value cachgis saved during this transition. Of course, the
yet produced output can not be deleted, bud it has no influemtiee continuation

of the simulation.

The multi-value cache guarantees that a restarted simulation will take the same
computational path again: If we have

50 = (se(¢).p0e) 77 (Ma, My, (04,0:),0,9) =5
for a reiteration configuration, then we will get
5 77 (6:6,00,0).0.9) 7 (mam,(02,0,),7"q) =7

wherep” << p'. Furthermore, althougimy andm, are deleted in the first tran-
sition afters, m, will be reconstructed afterwards, ama,’ will have the same
length agm,. but will be contain new, usually smaller, but consisten¢aals. The
discrete outpudg will remain totally unchanged, and the real outppt will have
the same number of interval sequences, but each of thesasu#illy be extended
in a consistent way.

In fact, there are many more reiteration configurations tluahthose simulating
S+*: As soon as the intervals i, are too big to allow a correct continuation of the
simulation, a reiteration is done. This will be the case é&yge have compare two
real variablesr; andz;, but the simulating intervald; and.J; have a nonempty
intersection. In these cases, the correspongindl be a reiteration configuration,
but the laters’ (with smaller intervals) may allow for a normal continuatiof the
simulation.

The same may hold for failing configuratioase S—. If the failure is due to an
error in the discrete part (like a division of a double by 2eeosimilar error will
appear in the simulation, so a failure in the simulated caw@pan may lead to a
failure in the simulation. But if the failure comes from theat part, a reiteration
may be executed. For example, a simulated division of a feaéto will always be
a reiteration configuration, so it leads to an infinite seqeeuf reiterations, where
none of them will be able get to get past this division operati



— The reiterations lead to the following third central pragesf the simulation:
convergence:

If 7 is admissible and ~ 7, then there will be one terminating computa-
tion

So7H 1T - TP Sn = (mq,m,, (04,0,) € ST

such that there is a (generally infinite) simulating compata
W T g T

with s,, 2 5,(%) for anyk, where the output componerag® of 5,(*) are
identical toog, and the,(*) converge tw,..
So the output from the simulation will converge to one of tlegible results from
Sp(Z) by following exactly one terminating computation infinitedften. So our
simulator shows thafp is a computable multi-valued function in the sense of
[BrHe94].

Please note that in many applications of the iRRAM, we willydmave discrete
(i.e. non-real) outpud; and the real output, remains empty. Usuallyy will consist
of approximations to real numbers with some finite precistéere the simulation may
stop as soon as a configuration fr@mn is reached, as this discrete output will not be
changed again. In this case, we get finite simulations andseenaay use the iRRAM
as a tool for ordinary approximative computations withihiaary other programs!

4 Basic Multiple Precision Arithmetic

The backend of the iRRAM consists of an implementation ofititervals that are
used to approximate the real numbers. Here multiple petiarithmetic is used, for
which many freely available packages exist. Pioneerindgwothis area had been done
by R.P. Brent [Bt75,Bt76,Bt78] with his MP packageR@RTRAN 77An overview,
although quite old, can be found e.g. in the BESNUMS.TXT[Ri094] available freely
in the internet. At the moment, one of the most elaborate pgek iSGMP 3.1 (Gnu
Multiple Precision, [Gr00]), using assembler routinedmait critical parts.

In its first prototype from August 1996, the iRRAM was basediamall MP pack-
age called.ongReal written by the author. Meanwhile, al€8MRcan be used in two
different ways (see below). As the interface to the MP badkswery simple, it would
be easy to use other MP packages as well. At the time of writingnterface definition
to MPFR [Zi00] was already started, but not fully functional

The necessary routines for multiple precision arithmedic essentially be divided
in two parts:

— A few low level but time critical operations that work on ararily long inte-
gers GMP:gmp_n or on the arbitrarily long mantissa of fixed point numbers
(LongReal:Dyadic_Base ), essentially these are the 4 basic arithmetic oper-
ations (reduced to these sets) and a shifting operator.



— Ahigher level of about 20 routines for arbitrary MP numbensp_f andDyadic ),
essentially these are arithmetic operations, compartype, conversions, etc. In-
ternally, the low level routines are applied whenever gussi

Both GMPandLongReal allow access to both levelsongReal is also able to
use the low level routines &MP So at compile time, the user can choose between 3
different flavors of the iIRRAM: GMP (usingmp_f andgmp_n), LR for the original
LongReal (usingDyadic andDyadic_base ), and LRGMP (usin@yadic and
gmp_n). This approach has the advantage that errors in the impittien can be
found much easier. In fact, with the use of LRGMP two errorisjGMP 3.0 routines
(in addition to several other internal errors) could be fdun

IRRAM

[ REALIib ]
[ Dyadic } [ gmp_f }
]
| [ Dyadic_Base]: [ gmp_n }
LongReal T eve

Fig. 1. The iRRAM and its backends

One quite big conceptual difference betweaMPandLongReal is how the still
finite precision is handled (i.e. how rounding errors areated): INnGMPeach variable
is allocated with a (changeable) amourtf memory, and after an operatien= a o
b the variablec contains the best approximation to the exact regultd fitting into
the allocated memory, so the single operation&bfPwork with relative precision of
results and each operation introduces an error of arder *.

The concept of.ongReal is different: After fixing a desired precisign the op-
erationc = a o b yields a result with |¢c — a o b| < 2P, so the single operations work
with an absolute precision independent freph, and ©’. In consequence, the user does
not need to know anything about memory allocation and carceanate on the error
propagation.

All these three flavors of the iIRRAM implement a type of flogtimoint numbers
with a variable sized mantissa and a 32 bit exponent cBIMADIC On the user level,
the differences are hidden: the concept of precision is d®irgReal . Overloading
of the arithmetic operators further simplifies the usagethkn following we show a
few lines of the interface: Setting the precision and owadiog the basic arithmetic
operators.



class DYADIC

{

public:

static void setprec(long p);

friend DYADIC operator + (const DYADIC& X, const DYADIC& v);
friend DYADIC operator (const DYADIC& x, const DYADIC& vY);
friend DYADIC operator (const DYADIC& x, const DYADIC& vY);
friend DYADIC operator (const DYADIC& x, const DYADIC& v);
friend DYADIC operator (const DYADIC& x);

o~ % 1

k

The implementation has a restricted form of own memory marant for multiple
precision variables as it manages a pool of variables tleatleady initialized. This
significantly reduces the overhead for for the frequenttimgaof new real object, that
arises from the overloading operatorsGr-+.

5 Simplified Interval Representation

In the previous chapter we presented a simple interface topieuprecision numbers.
A similar concept with overloaded operators is used for aarface to real numbers
that are represented by the data tyRIEAL As explained in section 3, we only need
to use single intervals. So internally, each variablef type REAL is implemented
as a multiple precision numbédrtogether with information on the absolute error>
|d—zx|. It has already been explained how the infinite charactdrefeals is represented
through these intervals. Essentially, in any stage of thmpmdation, we work with
intervals(d — e, d + e) knowing thatz must be included in the interval.

The error informatiore could be stored in many different ways and especially in
many different resolutions, and is not necessarily coretetd the length ofi. We
might chose{2"|n € N} as set of possible error informations, which could be called
a ‘precision ofn bits’. As an other possibility, we might chooge - 27|z € N, p € Z},
so that we are able to describe errors very precise in the arasia true interval
arithmetic.

Both extremes have disadvantages: With the first approaehweuld only need
one additional integer to representi.e. 4 byte) but we would loose at least one bit of
information (concerning the mantissa &)f on any operation, demanding a very high
initial precision. The second approach implies storéngs an own multiple precision
number (or storing both valuels- e andd + ¢), so the storage is doubled and operations
are slower.

The iRRAM implements an intermediate solution: The errostzred as a value
from {z - 2P|z € N, p € Z}, but restricted ta < 29° and|p| < 2m22¢=?, The values of
gb andmazexp depend on the CPU and the MP package in use: For usual 32 b CPU
and LR we havegb = 30 andmaxexp = 29.

So internally, each variable of type REALis implemented as a (simplified) inter-
val (d + e), whered is a multiple precision number ardsimply consists of two values



of typelong to represenp andz. In consequence, each elementary operation on the
intervals consists of one multiple precision operationévehthe complexity increases
with growing precision) and a few simple operations on ietsgwith fixed complex-
ity), and we have a significant reduction in the growth of esrcompared to-bit
precision) during single operations by only a small ovedh&specially in computing
scalar products of vectors where all components are of airaitror.

6 Controlling the Precision

Each single operation = a o b on REAL variables is transformed to the underlying
intervals: Ifa ~ (d, + e,) andb ~ (dy, + e3)), the multiple precision numbet. of the
resultec ~ (d. + e.) is computed froml, andd,, with an absolute precisia2?.

Herep essentially depends on the actual err@ys= z, - 2P« ande, = z, - 2P
of a andb: If e, and/ore; are quite large, it would be a waste of time to compdjte
very precisely. On the other hand, it will not always be adagrous to choose a very
high precision, ife, ande;, are very small: Already simple divisions with precise value
(likec= REAL(1)/REAL(3)) would lead to unwanted and very high computational
costs. In order to avoid thig, may not be smaller a certaprecision boung (that will
change during the execution of a program and will be expthlater in more detail).
(Please note that we are working with errors of st?eand not2~?, sop should be
larger and not smaller thgn! Usually, p andp will be negative.)

As an example, we examine the resulting error propagatiothédivision of reals:
Letd,,eq, = 2, - 2P« andd,, e, = 2z - 2P* be given. In order to exclude division
by zero, supposély| > 2-e;, > 0, s0|dy|/2 < |b|. Suppose we computé. with
|d. — d,/dy| < 2P for a certainp that will be specified later.

Fori = aori = b, lets; € Z be as small as possible witll;| < 2%, i.e. usually
25i=1 < |d;| < 2%.In case ofd; = 0, s; will be the above minimal valug—mazezp
due to the limitations of the implementation of the multipkecision numbers.

Fora, b with |d, — a| < e, and|d, — b| < e, we have

a
|g_dc‘
(a_da)'db"‘da'(db_b)
b-d,

a d,
<@ Gayyor o 427

€q * ‘db| +ep - ‘da‘

+ 2P
S T dd
Za2pa+sb + zb2pb+8a ) ) 1
= 225,—1 + 2P = Za2pa_5b+ + Zb2pb+sa— sp+ Y

Choosingp = max{p,—sp+1,pp+s.—2sp+1,5} we havela/b — d| < 2P - (2, -
2Pa—sptlop 4 oy L 2Petsa—2s+1op 4 1) where the value in parentheses consists of
non-positive exponents of 2 and the integer factgrandz;.

Using appropriate right shifts of, andz, and ordinary integer arithmetic, we can
easily compute thintegervaluez, = [z, - 2Pa~SH17P 4 2 . 2PeFsa—2st1op 4 1],
Sowe haveéa/b —d.| <27 .z, =:e,.



We havez, < z, + 2z + 1, so the value of the error mantissa might grow from
operation to operation. If, > 29, we reducez. by computingz’. := z./4 + 1 and
p' =p+2,sothatstill2? -z, < 27 . 2/, but now within the allowed range for the error

mantissa. If the resulting exponepitgets larger the@™**¢*? we emit an ‘overflow
warning’ and do a reiteration, that will be explained in dietathe next section.

7 Iterating a Computation

Essentially, all computations are done with approximatitmthe real numbers. Each
single operation is executed with a certain precision thatfluenced by the precision
boundp.

Due to the accumulation of errors during a longer computaiionay happen that
the error of an approximation gets too big (e.g. to compamalmers). This is one of
the points where the central concept of the IRRAM (taken f[BriHe95]) is usedThe
whole computatiolis repeated with a significantly better (i.e. smaller) ps&xoi bound
p! So instead of a single and fixed precision bound we have aesegp, >> p, >
D ..., Where a recomputation witfy , ; as precision bound instead pf will usually
lead to better approximations.

The choice of these precision bounds has no influence of threatness of the
iIRRAM simulation, as long as they get arbitrarily small. @ tother hand, the time
complexity may be quite different.

It is well known that the asymptotic complexity of sequenckierated computa-
tions is of the same order as the complexity of the last ii@natf we havep, = p, — f!
for a fixed (e.qg. rationalf > 1 and if all used operations and functions have a well be-
haved (‘regular’, see e.g. [Mu93]) complexity. Applicat®of such regular or ‘smooth’
complexity bounds have already been studied e.g. in [Bi%36/B,CoAa89]

So in theory, the choice @ andf is not essential. Obviously, the starting precision
as well as the increment in the iterated computations atiearpoints in practice. If
we start with values fop, and f that are too large, we loose computation time because
we are too precise. On the other hand, small values leaddqoére reiterations.

The iRRAM useg; = 7, + g - % wherep, = g = —50 andf = 1.25. This
leads to the following precisions bounds for the first itenas:

Do | D1 |ﬁ2 | Ds || Dio | Dis | Dao | Das  |---
Po = —50[py + g = —100|—162|—240]. . [-1703]-5502]|-17096]|—52477]. ..

Do» ¢, @andf are not fixed at compile time, but can be changed at the startyopro-
gram to optimize its time complexity. The initial valgg = —50 was chosen because
the IEEE double precision floating point numbers have a resatf slightly more than
50 bits.

An important example for reiterations is the division oflee@ne of the assump-
tions above wagl,| > 2 - e, > 0 to exclude a division by zero. If this inequality does
not hold, we may either have attempted a true division by nefosually) the erroe,
in the approximatiom, is too large to exclude such a division. So this is a point wher
a reiteration with higher initial precision should be iattd.



This also implies that a division by zero initiates an infinibop of iterations in-
stead of an exception as in usual arithmetic. As divisionraarbe extended to a total
continuous function, this effect is unavoidable.

The same holds with the tests on the real numbers: If we caernpar numbers:
andy, and the corresponding intervals have a nonempty intéoseate reiterate the
computation in the hope that we will get smaller intervalfwampty intersection. So
comparing numbers leads to an infinite loop if they are idetiwhich is a well-known
property in TTE. On the other hand, if applied to differerj@mnents, comparing will
eventually lead to the correct result, maybe on the cost aflaprecision.

The current version of the IRRAM implements reiterationsaigngjmp , i.e. an
immediate return to an outer level of control. If the IRRAM @alled with
iRRAM_exec(compute) (which is the default), the jump (usually, but see the chap-
ter on limits) leaves the proceducempute and returns taRRAM_exec . Here the
precision is incremented as above, tikiempute is restarted from the beginning. Com-
ing versions of the iRRAM might use the exception handlinghamisms of C++ in-
stead ofongjmp

8 Input and Output

The iterative character of the computations described@poges problems for interac-
tive usage of the IRRAM: In each iteration each input frettin  and each output to
stdout is repeated. Although this can be used to identify the itenat any illusion
of working with entire real numbers is destroyed.

To avoid this effect, the user should use the special IO{fansrscanf for read-
ing one input andprintf  for writing (a variable number of) outputs. These functions
are able to use the usual format specifiers fOf+.

In addition, there is a functiorwrite(x,p,w) , which prints a decimal approx-
imation to a real number with an error of at m@$t and with a width ofw characters.

If the real number is smaller tha? , the output consists simply of a single ‘0’ padded
with blanks.

Finally there is a functiomshow(x,w)  showing the value x in a field of at most
max(9,w) characters. The shown result is correct, howénwelast decimal might differ
by 1. In addition, denormalized output in the form e.g. "68B03" just indicates that
the value of x is belowl0~2. rshow does never lead to reiterations, but in case of a
denormalized output, the result might not be very helpful.

The implementation afscanf  simply uses buffered input: the input from the user
is copied to a finite buffer (currently of fixed size 100000 @&ttders). On each iteration
a pointer in the buffer is reset to the beginning of the bytfeen inputs are taken from
the buffer moving this pointer. Only when the pointer reactiee end of the buffered
input, new characters are appended to the buffer by readingthe standard input.

rprintf -, rshow(x,w)  and rwrite(x,p,w) simply use a counter for the
number of outputs form previous iterations to determine tiveea call should actu-
ally lead to new output. This counter can be considered astaopghe multi-value
cache, as it value must survive the reiterations. Calffimgte(x,p,w) may imply
a reiteration if the necessary error bound is not given irettteial iteration.



Input and output of reals (i.e. of infinite objects, not juppeoximations like in
rwrite(X,p,w) ) are not implemented yet. As already said at the end of sectio
3, this implies that our programs may stop as soon as theyfrexit being called via
iIRRAM_exec . Output of real numbers could of course be easily implentebyopen-
ing an own output stream for each written real value. In rattens we would simply
append a new interval to the corresponding stream. But as teeams are necessarily
of infinite length, the simulation must be continued forewdth improved precision
bounds after reaching terminating configurations. Thisl&die useful on machines
with more than one processor or in computer clusters, wherenight pipe the output
form one iIRRAM into another one in order to achieve paratkgiion. Until know, it has
simply not been necessary to implement these input or ofiipations.

9 Multi-valued Functions

In traditional arithmetic for single or double precisionmbers, there are many func-
tions that cannot be adopted directly to the iRRAM: Esséntithe semantics of the
iRRAM must be continuous, whereas these functions are matramus.

Sometimes, it is possible to implement similar functionsdstricting the domains,
like division with the exception of zero or the tests, wheteritical arguments lead to
infinite loops.

Another possibility has been used in [BrHe94,BrHe95,B8989]: operations with
uncertainty that usually give the correct result but alsoaltowed to give a ‘slightly’
wrong answer near points where the operation is not contisuio its arguments. So
instead of computing with ordinary functions we may also pate with relations
R C R? or set-valued functiong' : R — 2F. (Both notions are equivalent, simply
useF'(z) = {y|(z,y) € R}.) The underlying concept of a ‘computable relation’ had
already been briefly defined in [We87].

Computing such a set-valued functiénfor an argument means that the result of
the computation of' on z must be one of the values in the gétz). An alternative
approach (where a computation must compitealues ofF'(x)) has been intensively
discussed in [Br99]. Although that approach has advantigesthe theoretical side,
any implementation would surely be quite ineffective. A @arison between the two
approaches can be found in [Mu00].

This concept has been incorporated into the iRRAM sinceéty f¥irst prototype
[Mu96]: In the IRRAM, the set-valued' appears like an ordinary (bmulti-valued
function f : R ~ R, where the valugf(z) must be one of the elements Bfz). The
actual choice of the value is hidden from the user and appedrs nondeterministic:
The same real number may lead to different resultg(z) at different points of a
computation.

In the following, we list most of the intrinsic multi-valuddnctions that are imple-
mented in the iIRRAM. Of course, the user can easily constreet functions of this
kind, either through the usual control structure€af+ or using a special limit operator
that will be explained in the next chapter.

— long size (const REAL& x);



size(x) isone of the integer valuds= |log, |z|| + 1 ork = [log, |z|] + 1. So
the value okize(x)  is not exactly fixed, but it is sure thit| lies betweer2*—2
and2*. The iRRAM is allowed to return any of the possible valuescdnsequent

size(x)

5

4

3 1 size(x)=3
or
size(x)=2

0.5 1 2 4 8 16 32

Fig. 2. A graph of the multi-valued functiogsize(x)

calls with the same real valug we might even get different values feize(x)
From the view of the programmer, this is a kind of nondetersmnin the program.
On the simulating level, where is represented as an interva + ¢), the choice
of k is deterministic: We simply compute= [log2(|d| + €)]], which immediately
implies|z| < |d| +e < 2%.1f e < |d|/4, then|z| > |d| — e > (|d| +e)/2 > 2F2,
SO we returrk as the value ofize(x)

If e > |d| /4, the precision of the interval is not sufficient, so we invakeiteration.
This implies for example, that usage with argument 0 leads to an infinite loop.
Because of the limited exponent of the MP numbers, it is gaffid¢o usdong as
result type forsize .

bool bound (const REAL& x,const long K);

bound(x,k) is a test whethejx| is smaller thare*. The result will be correct
if |x| > 2% or |x| < 2¥~2. In any other case, the result also is defined, but may
be incorrect. Calling the function may imply a reiteratibat the test will finish as
soon as the error is small enough:

true, x| < 2k=2
bound (z, k) = { true or false, 2F > |z| > 2F—2
false x| > 2k

Sobound (z, k) = true implies |x| < 2*, while bound (z, k) = false implies
x| > 2k2,

If it is necessary to check that a number is small enough (lysgisen as the error
of an approximating algorithmipound(x,k)  should be preferred ize(x)<k

as there is no singularity far = 0.



— bool positive (const REAL& X, const long k);
positive(x,k) tests whethex is positive. In the interval—2*, 2¥), the result
may be wrong:

true, x> 2k
positive  (z,k) = { true or false, —2% < 2 < 2k
false r < 2k

In contrast to the comparison operatar £ 0, the functionpositive  has the
advantage to be total, so it can be used even if it is unknowetivenz = 0.

Calling positive(x,k) may invoke reiteration, but again the test will finish as
soon as the error is small enough.
— DYADIC approx (const REAL& X, const long p);

approx(x,k) results in aDYADIC resultd such thaix — d| < 27F. Calling
the function may invoke reiteration. The function can beduseenhance the set of
DYADICfunctions: IfREAL f(const REAL& x) computesf : R — R, then
for any DYADIC d, we can get &YADIC approximation tof (d) with an error
of at most2? simply with approx(f(d),p) (using an implicit type conversion
fromd to typeREAL).

These functions can be used e.g. in the construction of iIdepsanyp andz > 0,
the following (multi-valued!) function returns a reglsuch thaty — /x| < 2P using
Heron'’s iteration algorithm for the square root.

REAL sqrtl(long p,REAL x) {
REAL a=1,b=x;
do {
a:(a+b)/2;
b=x/a;
} while ( !'bound(a-b,prec) );
return a;

}

In our simulation of the IRRAM, we must be careful when aniirgic multi-valued
function is called: In different iterations, we get diffatdntervals, so that the (deter-
ministic) computation of the function might lead to diffateesults. For example, when
computingsize (z), an early iteration might delivellog, |z|] + 1 as result, based on
some intervald + ¢). A later iteration might get another interv@al’ + ¢’) with smaller
d' + e’ < d+ e, so at the same stage of the the computation we noWigef |z|| + 1.
Although both results are consistent with the definitiosiaé , we might have trouble
with the synchronization of the flow control in the iteratipras can easily be seen in
the following few lines of source code:

if (sizex) <p ) {
rprintf("Input A:"); rscanf(a);
} else {
rprintf("Input B:"); rscanf(b);
}



This could lead to a totally different behavior in differatdrations. The iRRAM
solves this problem using its multi-value cache: It simpgalls any known values
from the cache before computing new values (that are imnhegliappended to the
cached values). In consequence, any flow of information fifeercontinuous world of
reals to the discrete world stays unchanged through theragibns. This again implies
that the flow of control in a computation will be repeated itexations up to the point
where the previous iteration ended. As a side effect, we pagd to store a sequence
of the results and a pointer to the last recalled valued, abd need any information
on the context of the operations to reproduce their results.

The current implementation simply defines an array of 100069 s to store the
results ofsize or of tests and an additional array of the same size to stereetbults
of approximations usingpprox . In consequence, these operations should be applied
as rarely as possible!

In the following chapters, we discuss environments whechicg the results is not
necessary (or even causes errors). In such circumstameesperations can be used
freely without permanently occupying memory.

10 Computation of Limits

A unique feature of the iRRAM are several operators for thegotation of limits
of certain families of real numbers or real-valued funcio®n one hand, this ability
implies that the iIRRAM e.g. is not able to check whether tweegireal numbers are
equal (e.g. if one of them is such a limit). On the other hahd limit operator is very
powerful: AlImost any important object in analysis is defimsdgome kind of a limit, e.qg.
computing the square root can be done by computing the liftfteofunctionsqrtl
from the previous chapter.

This capability of limit computing extends the computadbpower of the iIRRAM
in a way that the scope of algebraic of symbolic computatisteft, also the compu-
tational model of Blum, Shub, and Smale[BSS89] is no longg@tiaable. The correct
corresponding theoretical model is Type 2 Theory of Effétsti(TTE) [Ko91,We95,We97],
although this model works essentially on a Turing machinelleExample definitions
of computations on topological structures liReon an abstract level (i.e. without us-
ing representations) can be found in [TZ99] (but without tinvlued functions and
without an internal limit operator) or [Br99] (but with a ghitly different approach to
multi-valued functions).

The iRRAM implements three types operators for limits:

— for families {a, | p € Z} of functionsa, : M, --> M, converging uniformly and
with known speed to aingle-valued limitf with f(z) = lim a,(z).
p——0o0

— for families {a,, | p € Z} of functions similar to above, but where we have addi-
tional information on the limitf (essentiallyf must fulfill a Lipschitz conditiop
— for families{a, | p € Z} of functions converging to multi-valued limitf(z).

Here M; and M, are the metric spaces of real numbers, real matrices, or lexmp
numbers. The iRRAM is already prepared to deal with otherimepaces, although
until now it was not necessary to implement such a case.



The limit operators needa, | p € Z} as one of their parameters, usually as a
functiona of p € Z andz € M;. This implies that there must be a program computing
a, so the operators will only be applied to computable paransei.e. to families of
(multi-valued) continuous functions.

We will discuss all three types in detail but, for simpligionly for the case\l; =
M, =R (orC).

10.1 Simple Limits

For limits of the first type we need a famify.,, } e.g. of functionsy, : R a3 R converg-
ing to a functionf : R-->R in the sense that,,(z) — f(z)| < 27 foranyz € dom(f)
(and any possible value of the multi-valueg(z)). The corresponding limit operator is

REAL limit  (REAL a(long, const REAL&), const REAL& Xx);

It should be emphasized that the functiapswill usually be multi-valued, but the
limit f must be single-valued. In consequent@ust be a (maybe partial) continuous
function.

An example for, (z) is sqrt1(p,x) already mentioned in the previous chapter;
here the limitf is the square root defined @y . In the iRRAM, we may now define
the square root function by

REAL sgrt(const REAL& x) {return limit(sqrt1,x);}

This functionsqrt can be used like any of the built-in elementary functions!

The idea of the implementation is quite simple: If we wantampute such a limit
lim,_, o ap,(z) in an iteration, we simply compute and returs(z) for somep, such
thatp tends to—oco with improving precision boundg; during the iterations.

Three problems must be faced: (1) in each iteration, thersbe@agumenix to
limit  is only known with errors, (2) the error of the computed résylz) is 27 plus
the error in the computation, and (3) the flow of control widl different in different
iterations!

The argumenk in limit(a,x) will not be exact during any stage of the com-
putation. So we are only able to compute the valugs:) with an error at least corre-
sponding to the modulus of continuity of the functignusing the given approximation
to z. In practice, the best achievable result will usually be muorse, as the com-
putation ofa,(x) need not be optimal with respect to error propagation. Teesthis
problem, we try to compute, (z) for several valuep that are chosen the same way as
the precision bounds: In theth iteration of the iIRRAM using precision boufpd, we
consider the values,(z) for p = By, 5, - .., ;- Then we take that result giving the
smallest error (as the sum of the error from the computatfar), 6r) and the bound?
for the difference betweem, (z) and the limitf(z)).

So here we face the situation that a failure of a computatimtd insufficient preci-
sion shouldhotlead to a recomputation of the whole program. Instead of tiésshave
local iterationsof the computations, i.e. thengjmp from within the computation
of the limit must no longer lead t(RRAM_exec, but to the procedure implementing



limit . InadditionJimit hasdongjmp to an outerlevel, ifi,(z) can not be com-
puted for any of the tested valuesfiue to the error irx. After that outedongjmp ,
the program will return to the computation of the limit withbatter precision bound and
hence a (usually) better approximation for the argumefithis ensures that eventually
there will be successful tries af,(z) even for arbitrarily smalp. This again ensures
that the error of the limit will get arbitrarily small in laté&erations. This behavior of the
limit operator (and of all the other intrinsic functions)ttge origin for the conversion
property defined in section 3.

For different iterations of the iRRAM, we now can not avoidfelient flows of
control: We have to computs, for several different valugsdepending on the precision
boundsp,. But due to the construction, the different control flows @stricted to the
computation of the limit, which is continuous in its argurhenSo it is sufficient for the
iRRAM to stop using its multi-value cache as long as it is ia finocess of computing
a limit.

In consequence, the local changes of the flow of control vaillehno influence on
the outer flow of control unless there are side effects. Sthaeinput, output nor any
other side effects (e.g. assignments to global variableshbowed in the algorithm
computinga, (). Unfortunately, this can not be expressed within the sypfa®++.

Computing the limit in the way described above has an impodsadvantage: The
precision boundg; were chosen sparse in order to get an optimal behavior ofrtree t
complexity of the whole computation. But now this implieatlhe error of the result
f(x) might be very big compared to the error of the argumerBometimes it will not
be possible to compute;, (x) successfully using precision boupg regardless of the
actual value op;, simply because in that iteratianalready has an error of this size. So
it might be that in any iteration, the best achievable resihe limit operator might be
az—(x) implying a very big loss of precision!

For example, numerical iterations; = &(z;), whered is implemented using
this limit operator, might only be usable for small values oés we will need at least
iterationp; of the IRRAM to getz; with an error ofpg.

Some heuristic improvements should be mentioned: If thé liperator is called
in the iteration with precision bounpg, the values:,(z) are computed in the modi-
fied orderp = D;, Po, P1, - - -, Pi—1 and with a precision bound that is change®o;
during the computation of the limit. This change in the psewi bound increases the
probability thataz; can be computed successfully. If this is the case and if thatirg
interval foraz; is not larger thar2Pi-1, then it is taken as the result of the limit in this
iteration (of course increased BY). This implies that very often it is not necessary to
test more than one value.

10.2 Lipschitz Limits

If we have more information on the limit, we can do much bettem above. Very
often, we know that a (maybe lengthy) computation leads toite gmooth result. One
example is the trigonometric function sine, where we knoat thin(z) — sin(y)| <
|z — y|. In this case, we know that it would be possible to approxasiat(z) by sin(d)
with an error of onlye, if x is known to be in the intervald + e). But as a longer
computation is necessary to compsie, any ordinary interval arithmetic ofd + e)



would yield an interva(d' + e') with a much larger erro¢’ >> e. So the central idea is
to use interval arithmetic not fein(d+e), but forsin(d £ é) for a very smalk yielding
aninterval(d’ £ ¢") and then to usé&l” + (e + €")) as a valid interval approximation
for sin(x).

We may generalize this idea as followszlis known as an intervld + e) when
computing the limit and if we know an upper boudof a Lipschitz constant for the
limit f in the interval(d + e), we may simply choosg such tha®? is slightly bigger
than2¢-e and compute, (d). (A similar concept had already been introduced in [Mu88]
as ‘locally Lipschitz continuous functions’.) Thém, (d) — f(z)| < |ay(d) — f(d)| +
|f(d) — f(z)] < 2P+ 20 e < 2147 ie.a,(d) differs from the limit f(x) by at most
24P,

d can be treated as an exact real value, so we are able to comp(f¢ with an
arbitrary small error. To do this, we might start a new vensaf the iRRAM just to
compute this value. In fact, the iIRRAM simply uses localdtemns for the computation
of a,(d) with precision boundg; 17, pit= - . . until one of these iterations also gives an
error of less tharR!+7.

These iterations work similar to above: Thmgjmp  within the computation of
thea,(d) is redirected temporarily to the procedure implementimt_lip . How-
ever, there are two big differences to the implementatiothefsimple limit operator:
For the simple limit we had a fixed bounding precision withie different iterations,
but the indexp of a,(d) was changed from iteration to iteration; the Lipschitz titisi
computed with a fixed index of a,(d), but the bounding precision changes. This also
implies that the application of the Lipschitz limit will nevlead to a reiteration of the
whole computation.

Again, the local iterations do not need a multi-value cachéhair result leads to
a continuous function. As the local iterations start witkgision boundy; ;1 and only
need to get result with error larger tha#, it will happen very often that already the
first iteration is successful.

The corresponding limit operator takes the form

REAL limit_lip (REAL a(long, const REAL&),
long lip, const REAL& Xx);

where the variablép corresponds to the logarithfrof the Lipschitz constarit’
from above.

This operator has two important advantages compared tariy@eslimit operator
introduced before: (1) The growth of the error bounds is oedito the minimal possible
amount and in consequence (2) the computation time is adsmes very often, because
smaller error bounds usually lead to fewer iterations.

Most of the functions that are defined in the iIRRAM use thisospt, e.gexp,
sin and cos. Here we will show how to implement the maximum function gsthe
Lipschitz limit operator.

To compute the maximum of two numbers using floating poirtharetic, usually
a program similar to the following is used:

REAL maximum(const REAL& x, const REAL& vy)
{if ( x >y ) return x; else return y;}



Obviously, this is not the right solution for the IRRAM, as wee not able to get
a result of the comparison if andy are equal. So the right way is to interpret the
maximum as a limit:

REAL max_approx (long k, const REAL& X, const REAL& )
{ if ( positive(x-y,k) ) return x; else return y; };

REAL maximum (const REAL& X, const REAL& )
{ return limit_lip(max_approx,0,x,y); };

10.3 Multi-valued Limits

In the previous examples, the results of multi-valued fioms were from discrete sets
(boolean, integer, finite strings etc.) and it was possiblegmpute these results in
finite time. Especially it was always possible to store theialcoutcome of a multi-
valued function in order to reuse it in a subsequent itenatibthe iRRAM. This is no
longer possible, if we are considering multi-valued fuaos with results e.g. from the
set of real numbers.

Of course, simple functions of this kind can be constructgdgithe discrete multi-
valued tests, e.gnodulo (z,y) := = —ky wherek € Z with (k—1)y <z < (k+1)y.
This function computes one of the possible valugg| < y # 0, such tha ;Z is an
integer. It can be used to scale the arguments of periodjortametric functions to get
efficient implementations:

REAL modulo (const REAL& X, const REAL& y){
return x-round(x/y)*y;

h

Hereround (z) is a multi-valued integer function with z — round (z) |< 1.
When applying thenodulo function, the iIRRAM would automatically store the result
of round , which is sufficient to reconstruct the value wibdulo in possible later
reiterations.

A more elaborate example concerns the square root of complabers: The square
root of a numbee is one of the two numbetsor —z, wherez? = z, which immediat-
ley leads to multi-valuedness.4fe R, it is easy to choose one of the values: usually
the positive root is taken.

For arbitraryz € C, a continuous choice of one of the roots is not possible: Any
continuous functiom : {¢?|0 < ¢ < 27} — C on the unit circle satisfying(z)? = 2
would lead to ) .

T i _ s i —
r(1) = ¢1_1)I£1+7“(6 )= —¢lgr717_ r(e'®) = —r(1)
which is a contradiction.

If we restrict ourself ta: # 0, a multi-valued implementation of the complex square
root can be implemented using the simple multi-valued téfsts= a + ib # 0, at least
one of the real numbersandb must also be different from 0. Then one of the complex
roots can be computed using the ordinary real square robthlbucomputation may
depend on the non-zero value that is determined in a mullieceway. The only small
difficulty is to find this non-zero value without having a téstequality of real numbers:



COMPLEX csqgrt(const COMPLEX& z)
{

REAL a,b,c,d,r,s;

COMPLEX v;

long choice;

r= abs (z); a= real(z); b= imag(z);

if (! bound( b, size(r)-3) ) {

if (b >0) choice=l; else choice=2;
} else {

if (a >0 ) choice=3; else choice=4;

}

c= sqrt( (r+a) / 2 ); d= sart( (r-a) / 2 ),

switch ( choice ) {

case 1: y = COMPLEX ( ¢ , d ); break;
case 2: y = COMPLEX ( ¢ , -d ); break;
case 3: y = COMPLEX ( -c , -bl2/c ); break;
case 4: y = COMPLEX ( b/2/d , d ); break;

}

return y;

Each value of the variablehoice corresponds to one of the following four open
half planes inC: {z | imag(z) > 0}, {z | imag(z) < 0}, {z | real(z) > 0}, and
{z | real(z) < 0}. So for anyz # 0, the loop in the program will finally be left after
setting an appropriate value fohoice

It can easily be verified that the returned value is indeedadribe two roots ofz.
Figure 3 shows results of this function for the square roatsiecles with radius 1, 2,
and 3. The results fdr < 0 anda < 0 are adjacent, so only three of the four values
for choice can be distinguished. Changing the resultdaos 0 to the more ‘natural’
COMPLEX (c,b/2/c) would have the effect that all results are adjacent (leatting
a less interesting figure).

This solution for the square root is not fully satisfying: WWeesize to find a lower
bound for the nonzero value fromor b. So forz = 0, an infinite loop occurs, and for
arguments near to 0, the complexity grows to infinity.

To overcome both problems, the complex square root can beaea limit: For
argumentg with |z| > ¢, let f(e, z) be one of the roots of, otherwise letf(¢,z) = 0
as an approximation. Then simply et 0.

When trying to implement this within the iRRAM, we must fa¢e tproblem that
for differente or for different approximations of, the valuesf (e, z) might switch
between the two roots af. But when computing the limit, we may not switch between
the roots, otherwise in different iterations changed flofgantrol could occur. To
prevent this, the arguments for the operator computingimaltied limits must fulfill
additional properties:

friend COMPLEX limit_mv (COMPLEX f(long p,



°
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Fig. 3. Values of the complex square root in the iIRRAM, usasgrt

long* choice,
const COMPLEX& 2z),
const REAL& z);

The parametechoice can be interpreted as follows: It selects a subset of the
possible values of the limit that may be computedfbyThe (initial) value of O has
the interpretation that all the possible values are siitivegd. Iff changes the value of
choice , then this must correspond to a reduction of the set of alibvadues. At the
end of the computation df, the result of must be an approximation (with an error of
at most2P) to all of the values that still correspondc¢hoice

To compute the limit, the iRRAM proceeds almost as in the cdiske usual limit
operator, i.e. different values pfare checked whether the computatiof(pfchoice,z)
leads to an approximation of the limit. The very first try s$awith choice=0 , i.e.f
may approximate any of the possible values. For the othés {esthe same or later
iterations), the value afhoice is passed from one computationfofo the next using
the multi-value cache. So a result of a computatioffmthoice,z) at some stage
in the IRRAM must be a refinement of the previous computatainbis stage.

In a full theoretical definition of the limit operator, its (ri-valued) argument
would be of signature (e.g : Z x Z x C — C x Z where f is supposed to be
computable and the second (integer) components of bothrtjugnent and the result
of f correspond to the values ohoice before and after the call tb. Theoretically,
the whole history of the (finite!) computations bfcould be encoded in this value.
However, in practice only a few essential steps of the coatfrt need to be encoded,
so choosing typéong for choice should be far reaching, although this might look
like a very restricted concept at the first view.

In the case of the complex square root, the valuehmiice will need at most one
change: Ifz is so big compared to the intended precision th#a no longer a valid
approximation to the roots of, choice is changed to indicate in which of the half



planes: is located. This is sufficient to choose one of the roots.dfhis choice will
not be changed again. A corresponding implementation kedhgjto compute a square
root for any complex including 0 looks as follows:

COMPLEX csqrtl(long p, long* choice, const COMPLEX& z)
{ REAL a,b,c,d,r;
COMPLEX v;

r= abs (z); a= real(z); b= imag(z);

if ( *choice == 0 ) {
if ( 'bound(r, 2*p) )
if (! bound(b,p-2) ) {
if (b >0) *choice=l; else *choice=2;
} else {
if (a >0 ) *choice=3; else *choice=4;
}

}
c=sqrt( (r+a) / 2 ); d= sqrt( (r-a) / 2 );

switch ( *choice ) {

case O: y = COMPLEX (0 , 0 ); break;
case 1: y = COMPLEX (c¢ , d ) break;
case 2: y = COMPLEX (c¢c , -d ) break;
case 3: y = COMPLEX ( ¢, b/2lc); break;
case 4: y = COMPLEX ( b/2/id, d ); break;
}

return y;

}

COMPLEX sqrt(COMPLEX z) { return limit_mv(csqrtl,z); }

11 Optimizing: Hints and Assertions

In the following we briefly discuss three methods to optimfmeefficiency of programs
for the IRRAM:

— If a part of a numerical algorithm is known to have modulus efitinuity signif-
icantly larger than in the rest of the program, e.g. if we ycompute a function
with a large first derivative, it may improve the overall cdewity significantly
if we temporarily use a higher precision which may lead tcs lesiterations. In
this case, the sensitive part of the program can be markédangtair of functions
stiff_begin() andstiff_end() , Where the precision bound is improved
by the first function and reset by the second function.

This technique has been used e.g. in the AGM methods fmdlog(z). Similar
effects could be achieved by temporarily switching the wfice of the precision
bound on the actual computations from absolute to relatigeipion (which is not
implemented yet).



The use of these functions is simphhant to the simulator how to proceed most
efficiently. Using these functions might change the flow afitcol because of the
possibility of changing results from multi-valued funat@ However, their use can
not influence the correctness of a program, only its time derity.

The following two methods behave different, their use is ooly a hint for the
simulator but arassertionthat a part of a program has certain special properties
(that can not be verified by the simulator). The simulatot egitimize its behavior
correspondingly

— The multi-value cache is an expensive simulation tool, ab eached results needs
to be stored until the end of the program. This is why the useaiti-valued in-
trinsics should be reduced to the minimum.

On the other hand, there are many computations leading t@#esvalued continu-
ous results although they use such multi-valued decisfoman example, consider
sin(z) again. Itis well known that using a Taylor series in the coragian ofsin(z)
for largez is a big waste of time. It is better and quite simple to use #wéogic-
ity of this trigonometric function for a range reduction atedcompute & of size

7 /4 or less such that eithein(z) = +sin(y) orsin(z) = =+ cos(y). To do this,
we have to apply multi-valued tests, as we have to distifglbétween 4 distinct
cases that later fit together to a result that is single-vharel continuous im. In
consequence, it would not be necessary to cache these tests.

If such a part of a program is marked with the functicostinuous_begin()
andcontinuous_end() , the caching is temporarily stopped. The programmer
must take care himself that it is impossible to enter or le@nesection without
calling the corresponding function (except maybe for retiens), as this could
easily destroy the consistency of the multi-value cache.

Another important application is found in linear algebfave invert a nonsingular
matrix M, the inverseM —' is determined uniquely and the mapping fra to
M~1 is continuous. Here the classical algorithms based on Gaustimination
internally rearrange the matrices due to the size of pivetents which requires
multi-valued tests that need not to be cached.

— If we know that a sequence of operations has a significantiteberodulus of
continuity than we achieve through the normal intervalamietic, we may be able
to reduce the growth of the error bounds using a techniquissiio the Lipschitz
limit operator: Instead of calling a functiofi with known Lipschitz constarg!
directly, we may use the forripschitz (f,1,z). Here the precision bound is
increased during the computation, and instead (@f) we computef(d) for the
centerd of the interval(d + e) representing:. The resulting interval is corrected
according to the Lipschitz constant and the siz# the interval. In consequence,
the error propagation betweerand f (z) is almost reduced th

12 Overview: Classes and Functions

In the following we give a brief overview of the new classeserators, and functions,
that are implemented in the iIRRAM. Unless explicitly statdese functions are intrin-
sic, i.e. their implementations may use private propeufabe classREALand so has
access to the underlying intervals that are hidden to thimard user.



We will not repeat the limit operators here, as they have lzagained previously
in detail.

Classes
DYADICis simply a wrapper for the underlying multiple precisioitlametic.
The most important clasREAL is derived from a basic (mostly hidden) class
METRIC_OBJECTthat provides a rudimentary garbage collection necessary f
the reiterations and that is the basic class for the limitrajes. Further derived
classes ar€OMPLEXREALMATRIX SPARSEREALMATRIXvhere the latter
aims at very large but mostly empty matrices.
All those classes have a destructgra default constructor, and a copy constructor
= for assignments.

Real arithmetic
REALs can be constructed fromt ,long ,char* ,double ,DYADIC and from
REALitself. In consequence, there are corresponding implip# tonversions, e.g.
x=REAL("3.1415")  can be written ag="3.1415"
The overloaded arithmetic operatorsy ’, ‘x-y ', “-y ', ‘x*y ', and x/y 'can be
used in a naive way, but a division REAL(0) leads to an infinite loop.
The usual binary testx<y ’, ‘ x<=y ', x>y ', and ‘x>=y ' exist, but there is no test
on equality or inequality of reals! These tests will leadrbriite loops ifx andy
are equal. Sox<y’ and ‘x<=y ' really are the same function!
The multi-valued functionssize(x) ’, ‘ positive(x,p) ", “bound(x,p) ',
‘approx(x,p) ’,and‘round(x) 'have been explained previously. Asund(x)
delivers a result of typéong (which is very restricted in size), there is a corre-
sponding functiomound2(x)  with a result of typeREAL
Quite often, multiplication with a (positive or negativedweer of 2 is necessary,
which is implemented as an intrinsic functisoale(x,k)
Finally there is a library of mathematical functions that aot intrinsic (i.e. they are
defined essentially ‘high level’ but usually with use of tiit operators). These
function are still very efficient, as the necessary overtisadall.
There is a small set of algebraic functiorsdis(x) , power(x,n) sqrt(x) ,
root(x,n) , modulo(x,y) ,maximum(x,y) ,andminimum(x,y) , further-
more there are transcendental functions l(x) ,log(x) , and a full set of
trigonometric functions and their inverses, fr@n(x) toacosech(x) .Inad-
dition, the special numbem() = 7 = 3.1415...,In2() = log(2) = 0.6931...
andeuler() =e =2.1718... are defined (necessarily as functions).

Matrix arithmetic
The classefREALMATRXand SPAREREALMATRIXleal with matrices of real
components. As they are derived form the clsl§STRIC_OBJECTIimit operators
can be applied. The corresponding algorithms are not ®itrjras they all are de-
rived from real arithmetic! The mostimportant construstareREALMATRIX(r,c)
andSPARSEREALMATRIX(r,c) fora (sparse) matrix af rows andc columns,
as well asREALMATRIX(m) and SPARSEREALMATRIX(mJ}o get a copy of a
matrix m To access matrix elements, the parenthésefave been overloaded,
allowing assignments liken(1,2)="3.1414"



Basic matrix arithmeticrhl+m2, ‘m1-m2, ‘m1*m2, ‘m1/m2’ is implemented,
where the latter computes a solution of the linear systém X = M; by Gaus-
sian elimination (ifM, is not singular). Multiplicatiorm*x and divisionm/x by
scalar valueg are defined. In additiomye(n) ,zeroes(r,c) orones(r,c)
deliver the unit matrix, or a matrix full of zeroes or ones.
The matrix exponentiagxp (m) := > m*/k! is an example for the implementa-
tion of a matrix transcendental.

Complex arithmetic
COMPLEXwumbers are a further example for the possibility of usdinde data
types. Only a few functions have been implemented: basibradtic,abs(z) ,
real(z) ,imag(z) ,aswell asthe complex square root that has been the central
example for a multi-valued limit in section 10.

Input and Output
The special role of I/0 and the functiorscanf |, rprintf | rshow(x,w) and

rwrite(x,p,w) has already been mentioned in section 8.

Special Functions and Operators
The special functionsontinuous_begin() ,continuous_end() , that mod-
ify the caching strategy, as well a&iff_begin() , stiff_end() , and the
operatolipschitz(f,l,x) , that modify the error propagation, have been dis-

cussed in the section 11.

13 Importing special MP functions

One of the aims of the IRRAM is to get an abstract level of cotapon independent
from the underlying MP package. This would imply that onlg thtersection of all the
functions of the different MP packages could be used. Togegss to special functions
of the MP packages, the interface to the MP can be extended.

This possibility has been used for the multiple precisiomasg root in order to get
an implementation o$qrt that is much faster than the version shown in section 10:
The interface to the backend of the iIRRAM fasngreal  with low-level GMRoutines
(which can be found iIERGMP_interface.h ) contains the lines

#define MP_has_sqrt 1
#define MP_sqrt(z1,z,n) Dyadic_LRSQRT(&(z1),&(z),n)

In REALLIB.cc , where most of the higher level mathematical functions are i
plemented, there is a correspondififflef MP_has_sqrt that switches at compile
time between a high level version from section 10 and a fastensic version using
MP_sqrt .

14 The IRRAM and IEEE 754

Although the iIRRAM implements exact arithmetic, so thatgyeam should run forever,
it can be used as an extensible library of functions withalalg precision as long as
not input or output of real numbers is used: If the programdedines an own version



of main, he is able to callRRAM_exec(compute) several times within his pro-
gram, even with several different functions insteasinpute() . As the argument of
iIRRAM_exec is of typevoid () ,compute may neither have arguments not return
a result. So the only possibility to pass data betwemin andcompute is to use
global variables. If these variables are of typ¥ADIC, we essentially get a new func-
tion extending the multiple precision backend. For exantple cosine function (that is
e.g. still missing in GMP) could be implemented similar te fbllowing way:

DYADIC glob_arg,glob_result;
long glob_precision;

void compute_sin() {
glob_result=approx(cos(REAL(glob_arg)),glob_precisi on);
}

DYADIC cos(DYADIC x, long p) {
glob_arg=x;
glob_precision=p;
iRRAM_exec(compute_cos);
return glob_result;

Here we use three global variables: for the argument, thétrasd the precision of
the computation. Please remember: we are implementingta finecision version of
cosine using our exact real version, so we have to specifgresion of the result!

Current multiple precision packages like [Zi00] try to snidg extend the current
hardware floating point arithmetic and try to stick to thengiples of IEEE 754 floating
point arithmetic. This implies that certain shortcomindgsarlier hardware like non-
monotonic behavior for monotonic functions should be agdidOne similar aspect
are exact rounding modes, i.e. it should be possible to p#wt the result of MP
operations is either the next, the greatest smaller or thallest larger MP number
compared to the exact result.

From the view of exact real arithmetic, exact rounding maalessimilar to testing
whether two reals are equal: Nontrivial single-valued feaktions with a discrete set
of possible values are necessarily discontinuous and heoceomputable! On the
other hand, any correct implementation of a theoreticallynotonic function using
exact arithmetic will be monotonic, and any ‘irregular’ roronotonic behavior of the
conversion to discrete sets can be completely explainedyusilti-valued functions,
so exact rounding is not an issue in exact arithmetic.

It would even be possible to create MP routines with exachding for functions
f using the iRRAM as backend, as long as the exact vafiés for MP numbersd
are not exactly representable as MP numbers again. E.gofd) with d # 0, we
could simply iterate the procedure above with differentresl forglob_precision
until we get enougldifferentbits to allow the exact rounding. It should be sufficient
almost always to choose an initial bounding precision josilfer than necessary for the
expected value to decide the rounding without any furtherations. Rare exceptions
with higher several iterations could surely be tolerated.



15 Exploring the Borders

In the following we present a few examples for the time comipyeof the IRRAM. All
computations have been performed using an AMD Athlon 800 N&12 KD cache,
slot A) on an ASUS mainboard K7M equipped with 256 MB 100 MHzFSIM. The
backend was LRGMP using GMP 3.1, operating system was Liritixkernel 2.4.0-
test4. Programs had been compiled wgtit , version 2.95.2.

— Selected values and functions
Computen decimals of\/1/3, w, log(1/3), andsin(1/3):

Numbern of Decimals 10 100 | 1000| 10000/10000
Time for conversion | 8 us | 37us|39us|14ms| 1.5s

Time forr - - - |140ms 9.1s
Time for inversion 3.44s|6.0us| 80us|2.9 mg140 ms
Time for/1/3 17 us| 30 us|132pus| 4.7 mg 360 m9

Time forlog(1/3) 290us|740us| 6 ms (240 ms 22.9 s
Time forsin(1/3) 71ps|2104s/3.5 mg450 mg 157 s

As the internal format of the multiple precision backendisinary form, we have
to split the computation time is two parts: he computatiengart of the time was
taken for the conversion from the internal binary formathe the decimal form,
which is not optimized yet and has complexity of ord@fn?). The other given
times are do not include this conversion time, so it has toduted to the other
given values in order to get the full time for computationtwite desired precision
including the output.
m is computed using a quartically convergent algorithm duaédBorwein brothers
[Ba88,B087]. Due to an internal optimization, we were ndedab measure the time
necessary for the computationoffor smalln.
The square roog/” is implemented with a variant of Heron’s quadratic conveige
method, but computed with variable precision as in [Bt76].
The implementation of the natural logarithoy uses an AGM method based on
ideas from [Sch90]. It needs good precomputed approximatior = andlog(2).
The measured times are without these precomputationsega@thk valid for all but
the first evaluation ofog.
sin uses a Taylor series approach after an appropriate rangetred that also uses
a precomputed. The given times are without this precomputation.

— lterated function systems
Compute the iterates; of the so called logistic functiom; = f(z;—1) = 3.75 -
zi—1 - (1—2z_1), where we start witheg = 0.5 and print the first 6 decimal places

of eachz;:
Indexi 1000 | 5000 | 1000O| 50000 | 100000
Valuez; +.791747+.814694+.824205+.28308]1+.666941

Max. Bounding Precision -2166 | -10888| -21407 | -102635| -200601
Execution Time 60ms | 1.56s 8s 385s | 2054 s




Usingdouble instead oREAL, beginning fromzgg the 6th digit is incorrectyqg
has only one correct digit left, and finally from o, all digits are wrong:

REAL |double

Teo |+.7990863348.7990863F0
Tro |+.4521952998).452195 86:
Tgo |+.8561779961.8561159906
Tgo |+.739913748®.71400517104
T100|+.8882939921(901765967P
T110|+.7156795291,2201217854

This example has been taken from [Ku96], where a similaretatds shown up
to z450 USIng the software package C-XSC [KI93]. Unfortunatelys thackage is
quite restricted in the mantissa length as well as the exptonage, such that it is
impossible to computesyg using the package.

Matrix arithmetic

Compute an approximation (with maximal err>°) of the inverse of the (bad
conditioned) Hilbert matrix{d,, of sizen x n using the built-in matrix arithmetic
(i.e. with Gaussian elimination):

Dimensionn 50 100 | 150 | 200 | 250

Max. bounding precision-1037 | -2745| -4372|-5502| -6915
Used Memory 1.46MBJ|9.2MB|40 MB|81MB|152 MB|
Execution Time 3.2s | 79s | 457s|1200 3 3052 s

Compute an approximation (with maximal er@r?°) to the inverse of the well
conditioned matrixf,, + 1,, of sizen x n:

Dimensionn 50 100 | 150 | 200 | 250 | 500
Max. bounding precisign-100 | -100 | -100 | -100 | -100 | -162
Used Memory 0.5 MB|2.1 MB|4.7 MB|8.4 MB|13 MB|52MB
Execution Time 0.7s| 54s| 19s | 45s | 91s (1237

Obviously, the condition of the matrix has big influence oae ttecessary bound-
ing precision, which explains the big differences in exeoutime and memory
consumption between the two examples.

The results should be compared to the results of similar etatipns using e.g.
octave (afreely available high-levelinteractive language fonmarical computa-
tions), where optimized routines working with the limitecpision of the hardware
are used (without error control):

Octave is already unable to invert the Hilbert matrix of slZ(giving a warning
matrix singular to machine precision ). ON the other hand, the in-
version of the well-conditioned matrii,, + 1 with n = 500 takes only 12 s, so
the iRRAM is about a factor of 65 slower. This factor is diffat for other types
of CPUs, e.g. for an AMD K6-200 with its weaker floating poimrformance we
get a factor of 35. Please have in mind that here we essgniialle to compare a
software solution with hardware (on the same CPU)!



16 Future Work

The current state of the iRRAM allows reliable and efficiexa@ arithmetic. But of
course, many enhancements and optimizations can be inthdméhe following we
list just a few of them:

— Until know, the iIRRAM has only been tested using the G+ compiler and
under Linux. A port to other popular systems should be easy.

— There should be a better garbage collection that clearsmlborary objects when-
ever a reiteration happens. At the moment, there is onlytactsd garbage collec-
tor that is able to recover all memory occupied by objectsvddfromMETRIC_OBJECT
However, any memory allocated on the stack usilhgca is freed automatically,
as the reiterations are implemented udiomggjmp . On the other hand, big appli-
cations will use almost all their memory for real variables.

— The set oDYADICfunctions should be extended using the techniques desdrbe
this paper, als€ OMPLEXersions of the transcendental and trigonometric func-
tions would be important.

— The algorithms foeexp and for the trigonometric functions should be further im-
proved using AGM methods, see e.g. [Bt76].

— New data types for (full range) integers or rationals shddddded.
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