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1 Introduction

In the last decade, several implementations of exact real arithmetic based on differ-
ent theoretical approaches or programming languages have been discussed, see e.g.
[BoCa90] (essentially based on decimal representation), [EdPo97] (linear fractional
transformations), or [GL00] (using multiple precision arithmetic). All these approaches
lack the possibility of full imperative programming that would facilitate the implemen-
tation of the usual numerical algorithms.

In [BrHe95], Brattka and Hertling considered a different approach: a Turing ma-
chine based simulation of random access machines working with reals. The basic idea
was to iterate a finite precision approximation of the RAM, but to increase the precision
from iteration to iteration.

In [Mu97], the author presented a prototype implementationbased on this simulator:
an interactive Real-RAM (iRRAM). A preliminary version had already been presented at
the Second Workshop on Computability and Complexity in Analysis, August, 24/25th
1996, Trier, Germany. Since then, the package has been constantly enhanced and im-
proved. Its stability has been proven by computations taking several weeks of time, pro-
ducing just a few numbers for a small table in [HM00]. The source of the software pack-
age can be found athttp://www.informatik.uni-trier.de/˜mueller/ .

A program for the iRRAM is coded in ordinaryC++ but may use a special class
REAL, that behaves like real numbers without any error. A quite small set of intrinsic
operations is allowed to be used directly with variables of this type: usual arithmetic
operations, tests (with a special semantic defined below), output, and conversion to/from
integer or other types. The programmer may use (almost) all programming methods
from C++, like defining own data types (like real matrices or complex numbers, which
are already implemented in this way) and functions (even returning real values).

The most important extension to the original simulator from[BrHe95] was the im-
plementation of a few very powerful operators for the computation of limits of user-
defined sequences. The operators even allow to compute multi-valued functional limits



like the complex square root [Mu98]. With their use, e.g. thefull set of trigonometric
functions fromsin to acosechcould be implemented easily using a simple Taylor series
approach. The powerful AGM methods [Bo87,Bt76,Sch90] havebeen used for special
values like� or log(2) or for very efficient implementations oflog(x).

This ability of computing limits seems to be a unique featureof the iRRAM. The
limited scope of algebraic or symbolic computations on realnumbers is left as soon
as these operators are used. From this point on, Type 2 Theoryof Effectivity (TTE)
[Ko91,We95,We97] is the best fitting theoretical model. This implies e.g. that com-
putable functions must essentially be continuous, that it is no longer possible to check
whether two real numbers are equal, etc.

A certain relaxation of the ‘law’ that computability implies continuity has been
discussed e.g. in [BrHe94,BrHe95,Br96,Br99]: Instead of computing ordinary functions
we may also compute set-valued functionsF , e.g.F : R ! 2R. Computing such a
functionF for an argumentx means that the result of the computation ofF onx must
be one of the values in the setF (x).

In the iRRAM the set-valuedF appears like an ordinary (butmulti-valued) functionf , where we use the notationf : R;; R to express the multi-valuedness. Here the valuef(x) must be one of the elements ofF (x). The actual choice of the value is hidden from
the user and appears to be nondeterministic: The samex may lead to different resultsf(x) at different points of a computation.

The source code for the iRRAM is ordinaryC++, as already said. However, some re-
strictions are necessary: The user shouldnotuse the normal IO operations, as this could
lead to surprising and annoying results. Dynamic allocation of memory withmalloc
should be used as rarely as possible, while the use ofalloca should be possible with-
out problems. The use of external libraries has to be handledwith care, as they will
normally not be suited for the special semantics of the iRRAM.

With these restrictions,C++ looses a lot of its universal character, but more than
enough is left to do numerical work. The following simple example contains some of
the most important features of the implementation and should give a rough impression
of the implementation:

1 #include "REALLIB.h"
2
3 REAL maxapprox (long k, const REAL& x, const REAL& y){
4 if ( positive(x-y,k) ) return x;
5 else return y;
6 };
7
8 REAL max (const REAL& x, const REAL& y){
9 return limit(maxapprox,x,y);

10 };
11
12 void compute() {
13
14 REAL x1 = 3.14159;
15 REAL x2 = "3.14159";
16 REAL x3 = pi();
17



18 rwrite(x1,-200,65); rprintf("\n");
19 rwrite(x2,-200,65); rprintf("\n");
20 rwrite(max(x3,x2),-200,65); rprintf("\n");
21 }
22
23 int main (int argc,char **argv) {
24 iRRAM_initialize(argc,argv);
25 iRRAM_exec(compute);
26 }

We will briefly explain this program in the following:

– Line 1 is the import of the necessary definitions.
– Lines 3-6 show an example of a simple self-defined real-valued function.
– Line 4 shows applications of the usual control structures inC++ and of the over-

loading of operators that allow to build arithmetic expressions, here simplyx-y .
The functionpositive(x-y,k) is an ‘intrinsic’ (see below) multi-valued test
whetherx-y is positive. In the intervalx�y 2 (�2k; 2k), the result may be wrong,
i.e it may betrue as well asfalse . In consequence,maxapprox returns a value
that differs from the maximum ofx andy by at most2k.

– Lines 8-10 are an example for the limit computing capabilities of the iRRAM: The
maximum ofx andy is the limit ofmaxapprox(k,x,y) for k !1.

– Lines 12-21 define the core procedurecompute() of this iRRAM example.
– Lines 14-16 show three of the possible initializations ofREALvariables: from a

double, from a string, or from a function (returning�).
– Lines 18-20 show I/O that has to be done through special functions. In this example

values are printed with an error of at most2�200 � 10�61 and with a width of
exactly 65 characters (including the exponent), so each shown decimal has to be
correct and the resulting output is as expected:
+.3141589999999999882618340052431449294090270996093 75000000E+0001
+.3141590000000000000000000000000000000000000000000 00000000E+0001
+.3141592653589793238462643383279502884197169399375 10582097E+0001

The first line of the output shows the result of the initialization from aC++ double
with a mantissa of 53 bits leading to about 15 correct decimals. However, the full
conversion to a decimal form gives one nonzero decimal for each of the 53 bits.
The second line comes from the (much slower) initializationfrom a string, where
we get the precise intended value of the string constant. Thethird line shows the
value of� (which is computed using an AGM iteration, see e.g. [Ba88,Bo87]).

– Lines 23-26 definemain , which is optional. Ifmain is missing, exactly this four
line definition ofmain is used as default. This allows to use the iRRAM in two
ways: (i) As a package for exact arithmetic with a special semantics explained in
the next section, and (ii) as a tool for approximate arithmetic with ‘usual’ semantics
explained in section 14.

The paper is structured as follows: In the following two sections we give a sketch of
the semantics and of the corresponding simulation. In section 4 to 9 we will explain this
simulation in more detail and with emphasis on those implementational details that have
great influence the efficiency. Section 10 is devoted to the limit computing capabilities
of the iRRAM. The rest of the paper aims at applications and gives an overview of
additional features of the implementation.



2 Semantics of the iRRAM

The iRRAM implements an imperative programming language for real numbers, as
said in the previous section. We will give a rough idea of the theoretical background
by sketching a corresponding operational semantics (without going into all the details).
This greatly simplifies the explanation of the concepts of the iRRAM. The later sections
will show how the semantics is realized by the implementation.

In the following, letP be a program for the iRRAM, or more precisely: a programP that is called viaiRRAM_exec (P).

– We assume that input and output ofP may each consist of two vectors of natural
and real numbers, i.e. we have aninput and output spaceM = N� � R�. Here the
natural numbers might represent encoded values of other sets as long as these are
denumerable.

– For simplicity, we assume thatS := N� � R� � M is the set of possibleconfigura-
tionsduring the computation ofP . We further assume that appropriate encodings
are used to represent the state of the program execution as well as the values of all
discrete valued variables (including integers, floating point numbers, strings, point-
ers etc.) ofP as natural numbers, which are given as the first componentmd of
a configurations = (md;mr; (od; or)). The second componentmr represents the
real-valued variables within the program, and the third component consists of the
discrete outputod and the real outputor produced during the computation. The
input toP is not included in these configurations.

– On the configurations, the progress of the computation can beexpressed via atran-
sition relation=)I;P � S�S that depends on the programP and a given input vectorI 2 M, or equivalently as a (multi-valued!) transition functionTI;P : S;; S.
The finite iteration n=)I;P and the transitive closure �=)I;P of =)I;P are defined as

usual, e.g.s n=)I;P s0 iff s = s0 =)I;P s1 =)I;P : : : =)I;P sn = s0 for some statessi.
We assume that the output is append-only, i.e. it can neitherbe read or rewritten.
Using =)I;P , this property can be expressed via:(md;mr; (od; or)) �=)I;P (m0d;m0r; (o0d; o0r))

implies o0d = od Æ o00d ; o0r = or Æ o00r for someo00d ; o00r
and (md;mr; (od; or)) �=)I;P (m0d;m0r; (od Æ o00d ; or Æ o00r ))

iff (md;mr; ("; ")) �=)I;P (m0d;m0r; (o00d ; o00r ))
Here" denotes the empty string andÆ denotes the concatenation of strings.
Because of the enormous complexity ofC++and the encodings necessary to achieve
the simple configuration setS, we will notexplicitly define=)I;P here, but it should

correspond to ‘elementary’ operations within the program,like entering or leaving
loops, evaluation of (sub-)expressions, assignments, etc.



Basic operations of the iRRAM on the data typeREALlike elementary arithmetic
are also assumed to be executed within one single transition! These operations will
be calledintrinsic in the following. It is the appropriate choice of these intrinsics
that determines the computational power and as well as the implementability of the
iRRAM. We will only use intrinsics that are computable multi-valued function in
the sense of TTE, which implies certain restrictions: For example, there is no test
for equality of real numbers.

– We assume there is a distinct initial configurations0 = ("; "; ("; ")). Furthermore
there are a setS+ of configurations, where the program terminates successfully,
and a setS�, where the program fails with an error, for example due to division of
a real by zero. So fors 2 S+ [ S�, there is nos0 with s =)I;P s0.
A computationis either a finite sequences0 =)I;P s1 =)I;P s2 =)I;P : : : sn such thatsn 2 S+ [ S� (called terminating or failing computations) or an infinitesequence
of statess0 =)I;P s1 =)I;P s2 =)I;P : : : with si 62 S+ [ S� for all i.
Please note that due to the multi-valued nature of=)I;P (and similar to nondeter-

ministic machines), there may be many distinct computations and there may even
exist computations of different types for the same inputI!

– Finally, the computed multi-valued functionSP :M;; M is defined bySP (I) = fO j s0 �=)I;P (md;mr;O) 2 S+g
for any admissibleI. Here an inputI 2 M is called admissible, iff=)I;P has neither

failing nor infinite computations.
SoSP(I) is only defined if all possible computations are terminating, and then the
valueSP(I) consists of all possible results from these computations.

3 Simulative concept of the iRRAM

In order to realize this semantics, the implementation of the iRRAM essentially sim-
ulates the real valued parts ofP while preserving (almost) any computation on the
discrete parts. Internally, the simulation is done within the access method to the real
numbers. In consequence, there is no overhead to the discrete parts of the computa-
tions; a purely discrete program within the iRRAM would be asfast as outside of the
iRRAM.

– The iRRAM uses a representation of real numbers that is basedon a subset of the
intervals with rational endpoints. So letJ = f(l; r) j l < r; l; r 2 Qg.
A real numberx is uniquely determined by an infinite sequenceJ = ((l0; r0); (l1; r1); (l2; r2); : : :) 2 J1
iff lim li = sup li = inf ri = lim ri(= x). In this case we write%(J ) = x, so% is a (partial) surjection fromJ1 ontoR. Here we only use that all the single
intervals containx and finally become arbitrarily small; nested intervals or a given



convergence speed are not necessary. Thisrepresentation% of the real numbers can
be extended in an obvious way to a surjection% from (J1)� ontoR�.
Instead of the input spaceM = N� � R�, we useM = N� � (J1)�, i.e. each real

numberx is replaced by an (arbitrary)J 2 %�1(x). We will useI I� I to denote
thatI = (id; ir), I = (id; ir), and%(ir) = ir.
The simulation will obviously not be able to write a real number or an infinite
sequence of intervals within finite time, so as an (intermediate) representation of the

output we useMf = N��(J�)�. The relation
O� betweenM andMf

that corresponds

to the simulation of output is more complex than
I� : ForO = (od; x1Æ: : :Æxn) 2 M

andO = (od; (J1;1 Æ : : : Æ J1;j1) Æ : : : Æ (Jn;1 Æ : : : Æ Jn;jn)) 2 Mf
we writeO O� O

iff od 2 N� is a prefix ofod 2 N�, n � n, andxk 2 Tj�jk Jk;j for anyk � n.

So all components fromO must be present inO, either in an identical form for the
discrete parts, or at least in a ‘consistent’ way for the realparts. It is important to
notice thatO may have more components thanO.

– The configuration set of the simulation will beS := N� � J� � Mf � Z � N�.
Please note thatS is denumerable, in contrast toS. So we are able to represent
these configurations using ordinary data structures fromC++.

The two configuration sets are connected via a simulating relation
S� withs = (md; x1 Æ : : : Æ xn;O) S� s = (md; J1 Æ : : : Æ Jn;O; p; q)

iff md = md, n = n, xi 2 Ji for all i�n, and ifO O� O. So the simulating
configurations covers the same informationm on the discrete part of the simulated
configurations (i.e. ordinary data structures and process state), but represents each
internal real by just one interval. The meaning of theprecision boundp and the
multi-value cacheq will be explained later on.
The initial state of the simulation will bes0 = ("; "; ("; "); p0; ") (again,p0 will be
explained later).

– On these simulating configurations, the progress of the computation is given by a
transition relation�!I;P � S� S (with iterates n�!I;P and closure ��!I;P ).

In contrast to the multi-valuedness of=)I;P , this transition �!I;P will be single-

valued, i.e. for any given configurations, there is at most one configurations0 withs �!I;P s0.
Again, the outputO = (od; (J1;1 Æ : : :ÆJ1;j1)Æ : : :Æ (Jn;1 Æ : : :ÆJn;jn)) is append-
only, i.e. a written natural number will be appended tood, a written interval will
either appended to one of the sequences(Jk;1 Æ : : : Æ Jbek;jk ) or will start a new
sequence. This is necessary to ensure that the output produced at any point during
the simulation will remain valid forever.
In consequence the simulator as implemented inC++ does not need to store any
produced output. Although the configurations contain the output (to simplify the
description), it will not lead to any noticeable overhead inthe execution of the
simulation.

– For inputsI 2 M andI 2 M with I I� I, the transition relations have the following
two central properties:



correctness:
For anys 2 S with s0 ��!I;P s there is (at least one)s 2 S with s S� s ands0 �=)I;P s

restricted completeness:
For anys S� s ands0 with s0 �=)I;P s =)I;P s0 ands0 ��!I;P s there ares00 S� s00
such thats =)I;P s00 ands ��!I;P s00.

It is important to note that we have a one step transition froms to s00, but it may
take more time to reachs00 from s.

– Instead of the successful configurationsS+, there is a setSÆ of reiteration configu-
rationssuch thats � s ands 2 S+ impliess 2 SÆ.
For such a reiteration configuration, the transition relation �!I;P is defined as(md;mr;O; p; q) �!I;P ("; ";O; p0; q)
with p0 << p, i.e. the simulation is essentially restarted with an improved precision
boundp0. Only the multi-value cacheq is saved during this transition. Of course, the
yet produced output can not be deleted, bud it has no influenceon the continuation
of the simulation.
The multi-value cacheq guarantees that a restarted simulation will take the same
computational path again: If we haves0 = ("; "; ("; "); p0; ") ��!I;P (md;mr; (od; or); p; q) = s
for a reiteration configurations, then we will gets �!I;P ("; "; (od; or); p0; q) ��!I;P (md;mr 0; (od; or 0); p00; q) = s0
wherep00 << p0. Furthermore, althoughmd andmr are deleted in the first tran-
sition afters, md will be reconstructed afterwards, andmr 0 will have the same
length asmr but will be contain new, usually smaller, but consistent intervals. The
discrete outputod will remain totally unchanged, and the real outputor 0 will have
the same number of interval sequences, but each of these willusually be extended
in a consistent way.
In fact, there are many more reiteration configurations thanjust those simulatingS+: As soon as the intervals inmr are too big to allow a correct continuation of the
simulation, a reiteration is done. This will be the case e.g.if we have compare two
real variablesxi andxj , but the simulating intervalsJi andJj have a nonempty
intersection. In these cases, the correspondings will be a reiteration configuration,
but the laters0 (with smaller intervals) may allow for a normal continuation of the
simulation.
The same may hold for failing configurationss 2 S�. If the failure is due to an
error in the discrete part (like a division of a double by zero), a similar error will
appear in the simulation, so a failure in the simulated computation may lead to a
failure in the simulation. But if the failure comes from the real part, a reiteration
may be executed. For example, a simulated division of a real by zero will always be
a reiteration configuration, so it leads to an infinite sequence of reiterations, where
none of them will be able get to get past this division operation.



– The reiterations lead to the following third central property of the simulation:
convergence:

If I is admissible andI I� I , then there will be one terminating computa-
tion so =)I;P s1 =)I;P : : : =)I;P sn = (md;mr; (od; or) 2 S+
such that there is a (generally infinite) simulating computations0 ��!I;P sn(1) ��!I;P sn(2) : : :
with sn S� sn(k) for anyk, where the output componentsod(k) of sn(k) are
identical tood, and theor(k) converge toor.

So the output from the simulation will converge to one of the possible results fromSP(I) by following exactly one terminating computation infinitely often. So our
simulator shows thatSP is a computable multi-valued function in the sense of
[BrHe94].

Please note that in many applications of the iRRAM, we will only have discrete
(i.e. non-real) outputod and the real outputor remains empty. Usually,od will consist
of approximations to real numbers with some finite precision. Here the simulation may
stop as soon as a configuration fromS+ is reached, as this discrete output will not be
changed again. In this case, we get finite simulations and we also may use the iRRAM
as a tool for ordinary approximative computations within arbitrary other programs!

4 Basic Multiple Precision Arithmetic

The backend of the iRRAM consists of an implementation of theintervals that are
used to approximate the real numbers. Here multiple precision arithmetic is used, for
which many freely available packages exist. Pioneering work in this area had been done
by R.P. Brent [Bt75,Bt76,Bt78] with his MP package inFORTRAN 77. An overview,
although quite old, can be found e.g. in the fileBIGNUMS.TXT[Rio94] available freely
in the internet. At the moment, one of the most elaborate packages isGMP 3.1 (Gnu
Multiple Precision, [Gr00]), using assembler routines at time critical parts.

In its first prototype from August 1996, the iRRAM was based ona small MP pack-
age calledLongReal written by the author. Meanwhile, alsoGMPcan be used in two
different ways (see below). As the interface to the MP backend is very simple, it would
be easy to use other MP packages as well. At the time of writing, an interface definition
to MPFR [Zi00] was already started, but not fully functional.

The necessary routines for multiple precision arithmetic can essentially be divided
in two parts:

– A few low level but time critical operations that work on arbitrarily long inte-
gers (GMP:gmp_n) or on the arbitrarily long mantissa of fixed point numbers
(LongReal:Dyadic_Base ), essentially these are the 4 basic arithmetic oper-
ations (reduced to these sets) and a shifting operator.



– A higher level of about 20 routines for arbitrary MP numbers (gmp_f andDyadic ),
essentially these are arithmetic operations, comparison,type conversions, etc. In-
ternally, the low level routines are applied whenever possible.

Both GMPandLongReal allow access to both levels.LongReal is also able to
use the low level routines ofGMP. So at compile time, the user can choose between 3
different flavors of the iRRAM: GMP (usinggmp_f andgmp_n), LR for the original
LongReal (usingDyadic andDyadic_base ), and LRGMP (usingDyadic and
gmp_n). This approach has the advantage that errors in the implementation can be
found much easier. In fact, with the use of LRGMP two errors inthe GMP 3.0 routines
(in addition to several other internal errors) could be found.

gmp_f

Dyadic_Base gmp_n

LongReal GMP

Dyadic

REALlib

iRRAM

Fig. 1.The iRRAM and its backends

One quite big conceptual difference betweenGMPandLongReal is how the still
finite precision is handled (i.e. how rounding errors are created): InGMP, each variable
is allocated with a (changeable) amounts of memory, and after an operation
 = a Æb the variable
 contains the best approximation to the exact resulta Æ b fitting into
the allocated memory, so the single operations ofGMPwork with relative precision of
results and each operation introduces an error of order
 � 2�s.

The concept ofLongReal is different: After fixing a desired precisionp, the op-
eration
 = a Æ b yields a result
 with j
 � a Æ bj � 2p, so the single operations work
with an absolute precision independent froma, b, and ‘Æ’. In consequence, the user does
not need to know anything about memory allocation and can concentrate on the error
propagation.

All these three flavors of the iRRAM implement a type of floating point numbers
with a variable sized mantissa and a 32 bit exponent calledDYADIC. On the user level,
the differences are hidden: the concept of precision is as inLongReal . Overloading
of the arithmetic operators further simplifies the usage. Inthe following we show a
few lines of the interface: Setting the precision and overloading the basic arithmetic
operators.



class DYADIC
{
public:
static void setprec(long p);
...
friend DYADIC operator + (const DYADIC& x, const DYADIC& y);
friend DYADIC operator - (const DYADIC& x, const DYADIC& y);
friend DYADIC operator * (const DYADIC& x, const DYADIC& y);
friend DYADIC operator / (const DYADIC& x, const DYADIC& y);
friend DYADIC operator - (const DYADIC& x);
...
};

The implementation has a restricted form of own memory management for multiple
precision variables as it manages a pool of variables that are already initialized. This
significantly reduces the overhead for for the frequent creating of new real object, that
arises from the overloading operators inC++.

5 Simplified Interval Representation

In the previous chapter we presented a simple interface to multiple precision numbers.
A similar concept with overloaded operators is used for an interface to real numbers
that are represented by the data typeREAL. As explained in section 3, we only need
to use single intervals. So internally, each variablex of type REAL is implemented
as a multiple precision numberd together with information on the absolute errore �jd�xj. It has already been explained how the infinite character of the reals is represented
through these intervals. Essentially, in any stage of the computation, we work with
intervals(d� e; d+ e) knowing thatx must be included in the interval.

The error informatione could be stored in many different ways and especially in
many different resolutions, and is not necessarily connected to the length ofd. We
might chosef2�njn 2 Ng as set of possible error informations, which could be called
a ‘precision ofn bits’. As an other possibility, we might choosefz � 2pjz 2 N; p 2 Zg,
so that we are able to describe errors very precise in the manner of a true interval
arithmetic.

Both extremes have disadvantages: With the first approach, we would only need
one additional integer to represente (i.e. 4 byte) but we would loose at least one bit of
information (concerning the mantissa ofd) on any operation, demanding a very high
initial precision. The second approach implies storinge as an own multiple precision
number (or storing both valuesd�e andd+e), so the storage is doubled and operations
are slower.

The iRRAM implements an intermediate solution: The error isstored as a value
from fz � 2pjz 2 N; p 2 Zg, but restricted toz < 2gb andjpj < 2maxexp. The values ofgb andmaxexp depend on the CPU and the MP package in use: For usual 32 bit CPUs
and LR we havegb = 30 andmaxexp = 29.

So internally, each variablex of typeREALis implemented as a (simplified) inter-
val (d� e), whered is a multiple precision number ande simply consists of two values



of type long to representp andz. In consequence, each elementary operation on the
intervals consists of one multiple precision operation (where the complexity increases
with growing precision) and a few simple operations on integers (with fixed complex-
ity), and we have a significant reduction in the growth of errors (compared ton-bit
precision) during single operations by only a small overhead, especially in computing
scalar products of vectors where all components are of similar error.

6 Controlling the Precision

Each single operation
 = a Æ b on REALvariables is transformed to the underlying
intervals: Ifa � (da � ea) andb � (db � eb)), the multiple precision numberd
 of the
result
 � (d
 � e
) is computed fromda anddb with an absolute precision2p.

Herep essentially depends on the actual errorsea = za � 2pa andeb = zb � 2pb
of a andb: If ea and/oreb are quite large, it would be a waste of time to computed

very precisely. On the other hand, it will not always be advantageous to choose a very
high precision, ifea andeb are very small: Already simple divisions with precise values
(like 
 = REAL(1)=REAL(3)) would lead to unwanted and very high computational
costs. In order to avoid this,p may not be smaller a certainprecision boundp (that will
change during the execution of a program and will be explained later in more detail).
(Please note that we are working with errors of size2p and not2�p, sop should be
larger and not smaller thanp ! Usually,p andp will be negative.)

As an example, we examine the resulting error propagation for the division of reals:
Let da; ea = za � 2pa anddb; eb = zb � 2pb be given. In order to exclude division
by zero, supposejdbj > 2 � eb > 0, so jdbj=2 � jbj. Suppose we computed
 withjd
 � da=dbj � 2p for a certainp that will be specified later.

For i = a or i = b, let si 2 Z be as small as possible withjdij < 2si , i.e. usually2si�1 � jdij < 2si . In case ofdi = 0, si will be the above minimal value2�maxexp
due to the limitations of the implementation of the multipleprecision numbers.

Fora, b with jda � aj � ea andjdb � bj � eb we havejab � d
j� jab � dadb j+ 2p = j (a� da) � db + da � (db � b)b � db j+ 2p� ea � jdbj+ eb � jdajjdbj=2 � jdbj j+ 2p� za2pa+sb + zb2pb+sa22sb�1 + 2p = za2pa�sb+1 + zb2pb+sa�2sb+1 + 2p
Choosingp = maxfpa�sb+1; pb+sa�2sb+1; pg we haveja=b � dj � 2p � (za �2pa�sb+1�p + zb � 2pb+sa�2sb+1�p + 1), where the value in parentheses consists of

non-positive exponents of 2 and the integer factorsza andzb.
Using appropriate right shifts ofza andzb and ordinary integer arithmetic, we can

easily compute theintegervaluez
 = dza � 2pa�sb+1�p + zb � 2pb+sa�2sb+1�p + 1e.
So we haveja=b� d
j � 2p � z
 =: e
.



We havez
 � za + zb + 1, so the value of the error mantissa might grow from
operation to operation. Ifz
 � 2gb, we reducez
 by computingz0
 := z
=4 + 1 andp0 = p+2, so that still2p � z
 � 2p0 � z0
, but now within the allowed range for the error
mantissa. If the resulting exponentp0 gets larger then2maxexp, we emit an ‘overflow
warning’ and do a reiteration, that will be explained in detail in the next section.

7 Iterating a Computation

Essentially, all computations are done with approximations to the real numbers. Each
single operation is executed with a certain precision that is influenced by the precision
boundp.

Due to the accumulation of errors during a longer computation, it may happen that
the error of an approximation gets too big (e.g. to compare numbers). This is one of
the points where the central concept of the iRRAM (taken from[BrHe95]) is used:The
whole computationis repeated with a significantly better (i.e. smaller) precision boundp! So instead of a single and fixed precision bound we have a sequencep0 >> p1 >>p2 : : :, where a recomputation withpi+1 as precision bound instead ofpi will usually
lead to better approximations.

The choice of these precision bounds has no influence of the correctness of the
iRRAM simulation, as long as they get arbitrarily small. On the other hand, the time
complexity may be quite different.

It is well known that the asymptotic complexity of sequencesof iterated computa-
tions is of the same order as the complexity of the last iteration, if we havepi = p0�f i
for a fixed (e.g. rational)f > 1 and if all used operations and functions have a well be-
haved (‘regular’, see e.g. [Mu93]) complexity. Applications of such regular or ‘smooth’
complexity bounds have already been studied e.g. in [Bt76,FiSt74,CoAa89]

So in theory, the choice ofp0 andf is not essential. Obviously, the starting precision
as well as the increment in the iterated computations are critical points in practice. If
we start with values forp0 andf that are too large, we loose computation time because
we are too precise. On the other hand, small values lead to frequent reiterations.

The iRRAM usespi = p0 + g � f i�1f�1 , wherep0 = g = �50 andf = 1:25. This
leads to the following precisions bounds for the first iterations:p0 p1 p2 p3 : : : p10 p15 p20 p25 : : :p0 = �50 p0 + g = �100 �162 �240 : : : �1703 �5502 �17096 �52477 : : :p0, q, andf are not fixed at compile time, but can be changed at the start ofany pro-
gram to optimize its time complexity. The initial valuep0 = �50 was chosen because
the IEEE double precision floating point numbers have a mantissa of slightly more than
50 bits.

An important example for reiterations is the division of reals: One of the assump-
tions above wasjdbj > 2 � eb > 0 to exclude a division by zero. If this inequality does
not hold, we may either have attempted a true division by zeroor (usually) the errore2
in the approximationd2 is too large to exclude such a division. So this is a point where
a reiteration with higher initial precision should be initiated.



This also implies that a division by zero initiates an infinite loop of iterations in-
stead of an exception as in usual arithmetic. As division cannot be extended to a total
continuous function, this effect is unavoidable.

The same holds with the tests on the real numbers: If we compare two numbersx
andy, and the corresponding intervals have a nonempty intersection, we reiterate the
computation in the hope that we will get smaller intervals with empty intersection. So
comparing numbers leads to an infinite loop if they are identical, which is a well-known
property in TTE. On the other hand, if applied to different arguments, comparing will
eventually lead to the correct result, maybe on the cost of a high precision.

The current version of the iRRAM implements reiterations bya longjmp , i.e. an
immediate return to an outer level of control. If the iRRAM iscalled with
iRRAM_exec(compute) (which is the default), the jump (usually, but see the chap-
ter on limits) leaves the procedurecompute and returns toiRRAM_exec . Here the
precision is incremented as above, thencompute is restarted from the beginning. Com-
ing versions of the iRRAM might use the exception handling mechanisms of C++ in-
stead oflongjmp .

8 Input and Output

The iterative character of the computations described above poses problems for interac-
tive usage of the iRRAM: In each iteration each input fromstdin and each output to
stdout is repeated. Although this can be used to identify the iterations, any illusion
of working with entire real numbers is destroyed.

To avoid this effect, the user should use the special IO-functionsrscanf for read-
ing one input andrprintf for writing (a variable number of) outputs. These functions
are able to use the usual format specifiers fromC++.

In addition, there is a functionrwrite(x,p,w) , which prints a decimal approx-
imation to a real number with an error of at most2p and with a width ofw characters.
If the real number is smaller than2p , the output consists simply of a single ‘0’ padded
with blanks.

Finally there is a functionrshow(x,w) showing the value x in a field of at most
max(9,w) characters. The shown result is correct, however the last decimal might differ
by 1. In addition, denormalized output in the form e.g. ".*E-0003" just indicates that
the value of x is below10�3. rshow does never lead to reiterations, but in case of a
denormalized output, the result might not be very helpful.

The implementation ofrscanf simply uses buffered input: the input from the user
is copied to a finite buffer (currently of fixed size 100000 characters). On each iteration
a pointer in the buffer is reset to the beginning of the buffer, then inputs are taken from
the buffer moving this pointer. Only when the pointer reaches the end of the buffered
input, new characters are appended to the buffer by reading from the standard input.

rprintf , rshow(x,w) and rwrite(x,p,w) simply use a counter for the
number of outputs form previous iterations to determine whether a call should actu-
ally lead to new output. This counter can be considered as a part of the multi-value
cache, as it value must survive the reiterations. Callingrwrite(x,p,w) may imply
a reiteration if the necessary error bound is not given in theactual iteration.



Input and output of reals (i.e. of infinite objects, not just approximations like in
rwrite(x,p,w) ) are not implemented yet. As already said at the end of section
3, this implies that our programs may stop as soon as they exitfrom being called via
iRRAM_exec . Output of real numbers could of course be easily implemented by open-
ing an own output stream for each written real value. In reiterations we would simply
append a new interval to the corresponding stream. But as these streams are necessarily
of infinite length, the simulation must be continued foreverwith improved precision
bounds after reaching terminating configurations. This could be useful on machines
with more than one processor or in computer clusters, where we might pipe the output
form one iRRAM into another one in order to achieve parallelization. Until know, it has
simply not been necessary to implement these input or outputfunctions.

9 Multi-valued Functions

In traditional arithmetic for single or double precision numbers, there are many func-
tions that cannot be adopted directly to the iRRAM: Essentially, the semantics of the
iRRAM must be continuous, whereas these functions are not continuous.

Sometimes, it is possible to implement similar functions byrestricting the domains,
like division with the exception of zero or the tests, where identical arguments lead to
infinite loops.

Another possibility has been used in [BrHe94,BrHe95,Br96,Br99]: operations with
uncertainty that usually give the correct result but also are allowed to give a ‘slightly’
wrong answer near points where the operation is not continuous in its arguments. So
instead of computing with ordinary functions we may also compute with relationsR � R2 or set-valued functionsF : R ! 2R. (Both notions are equivalent, simply
useF (x) = fyj(x; y) 2 Rg.) The underlying concept of a ‘computable relation’ had
already been briefly defined in [We87].

Computing such a set-valued functionF for an argumentx means that the result of
the computation ofF on x must be one of the values in the setF (x). An alternative
approach (where a computation must computeall values ofF (x)) has been intensively
discussed in [Br99]. Although that approach has advantagesfrom the theoretical side,
any implementation would surely be quite ineffective. A comparison between the two
approaches can be found in [Mu00].

This concept has been incorporated into the iRRAM since its very first prototype
[Mu96]: In the iRRAM, the set-valuedF appears like an ordinary (butmulti-valued)
functionf : R ;; R, where the valuef(x) must be one of the elements ofF (x). The
actual choice of the value is hidden from the user and appearsto be nondeterministic:
The same real numberx may lead to different resultsf(x) at different points of a
computation.

In the following, we list most of the intrinsic multi-valuedfunctions that are imple-
mented in the iRRAM. Of course, the user can easily constructnew functions of this
kind, either through the usual control structures ofC++or using a special limit operator
that will be explained in the next chapter.

– long size (const REAL& x);



size(x) is one of the integer valuesk = blog2 jxj
+1 or k = dlog2 jxje+1. So
the value ofsize(x) is not exactly fixed, but it is sure thatjx j lies between2k�2
and2k. The iRRAM is allowed to return any of the possible values. Inconsequent
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Fig. 2. A graph of the multi-valued functionsize(x)

calls with the same real valuex, we might even get different values forsize(x) .
From the view of the programmer, this is a kind of nondeterminism in the program.
On the simulating level, wherex is represented as an interval(d � e), the choice
of k is deterministic: We simply computek = dlog2(jdj+ e)e℄, which immediately
impliesjxj < jdj+ e � 2k. If e � jdj=4, thenjxj > jdj � e > (jdj+ e)=2 > 2k�2,
so we returnk as the value ofsize(x) .
If e > jdj=4, the precision of the interval is not sufficient, so we invokea reiteration.
This implies for example, that usage with argumentx = 0 leads to an infinite loop.
Because of the limited exponent of the MP numbers, it is sufficient to uselong as
result type forsize .

– bool bound (const REAL& x,const long k);
bound(x,k) is a test whetherjx j is smaller than2k. The result will be correct
if jx j > 2k or jx j � 2k�2. In any other case, the result also is defined, but may
be incorrect. Calling the function may imply a reiteration,but the test will finish as
soon as the error is small enough:

bound (x; k) =8<: true; jxj � 2k�2true or false; 2k � jxj > 2k�2false jxj > 2k
So bound (x; k) = true implies jx j � 2k, while bound (x; k) = false impliesjx j � 2k�2.
If it is necessary to check that a number is small enough (usually given as the error
of an approximating algorithm),bound(x,k) should be preferred tosize(x)<k
as there is no singularity forx = 0.



– bool positive (const REAL& x, const long k);
positive(x,k) tests whetherx is positive. In the interval(�2k; 2k), the result
may be wrong:

positive (x; k) =8<: true; x > 2ktrue or false; �2k � x � 2kfalse x < �2k
In contrast to the comparison operator ‘x < 0’, the functionpositive has the
advantage to be total, so it can be used even if it is unknown whetherx = 0.
Calling positive(x,k) may invoke reiteration, but again the test will finish as
soon as the error is small enough.

– DYADIC approx (const REAL& x, const long p);
approx(x,k) results in aDYADIC resultd such thatjx � dj � 2�k. Calling
the function may invoke reiteration. The function can be used to enhance the set of
DYADIC functions: IfREAL f(const REAL& x) computesf : R ! R, then
for anyDYADIC d, we can get aDYADICapproximation tof(d) with an error
of at most2p simply with approx(f(d),p) (using an implicit type conversion
from d to typeREAL).

These functions can be used e.g. in the construction of loops: For anyp andx � 0,
the following (multi-valued!) function returns a realy such thatjy � pxj � 2p using
Heron’s iteration algorithm for the square root.

REAL sqrt1(long p,REAL x) {
REAL a=1,b=x;
do {

a=(a+b)/2;
b=x/a;

} while ( !bound(a-b,prec) );
return a;

}

In our simulation of the iRRAM, we must be careful when an intrinsic multi-valued
function is called: In different iterations, we get different intervals, so that the (deter-
ministic) computation of the function might lead to different results. For example, when
computingsize (x), an early iteration might deliverdlog2 jxje+ 1 as result, based on
some interval(d� e). A later iteration might get another interval(d0� e0) with smallerd0 + e0 < d+ e, so at the same stage of the the computation we now getblog2 jxj
+1.
Although both results are consistent with the definition ofsize , we might have trouble
with the synchronization of the flow control in the iterations, as can easily be seen in
the following few lines of source code:

if ( size(x) <p ) {
rprintf("Input A:"); rscanf(a);

} else {
rprintf("Input B:"); rscanf(b);

}



This could lead to a totally different behavior in differentiterations. The iRRAM
solves this problem using its multi-value cache: It simply recalls any known values
from the cache before computing new values (that are immediately appended to the
cached values). In consequence, any flow of information fromthe continuous world of
reals to the discrete world stays unchanged through the reiterations. This again implies
that the flow of control in a computation will be repeated in reiterations up to the point
where the previous iteration ended. As a side effect, we onlyneed to store a sequence
of the results and a pointer to the last recalled valued, and do not need any information
on the context of the operations to reproduce their results.

The current implementation simply defines an array of 100000long s to store the
results ofsize or of tests and an additional array of the same size to store the results
of approximations usingapprox . In consequence, these operations should be applied
as rarely as possible!

In the following chapters, we discuss environments where caching the results is not
necessary (or even causes errors). In such circumstances, the operations can be used
freely without permanently occupying memory.

10 Computation of Limits

A unique feature of the iRRAM are several operators for the computation of limits
of certain families of real numbers or real-valued functions. On one hand, this ability
implies that the iRRAM e.g. is not able to check whether two given real numbers are
equal (e.g. if one of them is such a limit). On the other hand, the limit operator is very
powerful: Almost any important object in analysis is definedas some kind of a limit, e.g.
computing the square root can be done by computing the limit of the functionsqrt1
from the previous chapter.

This capability of limit computing extends the computational power of the iRRAM
in a way that the scope of algebraic of symbolic computationsis left, also the compu-
tational model of Blum, Shub, and Smale[BSS89] is no longer applicable. The correct
corresponding theoretical model is Type 2 Theory of Effectivity (TTE) [Ko91,We95,We97],
although this model works essentially on a Turing machine level. Example definitions
of computations on topological structures likeR on an abstract level (i.e. without us-
ing representations) can be found in [TZ99] (but without multi-valued functions and
without an internal limit operator) or [Br99] (but with a slightly different approach to
multi-valued functions).

The iRRAM implements three types operators for limits:

– for familiesfap j p 2 Zg of functionsap : M1 �M2 converging uniformly and
with known speed to asingle-valued limitf with f(x) = limp!�1ap(x).

– for familiesfap j p 2 Zg of functions similar to above, but where we have addi-
tional information on the limitf (essentiallyf must fulfill aLipschitz condition).

– for familiesfap j p 2 Zg of functions converging to amulti-valued limitf(x).
HereM1 andM2 are the metric spaces of real numbers, real matrices, or complex
numbers. The iRRAM is already prepared to deal with other metric spaces, although
until now it was not necessary to implement such a case.



The limit operators needfap j p 2 Zg as one of their parameters, usually as a
functiona of p 2 Z andx 2M1. This implies that there must be a program computinga, so the operators will only be applied to computable parameters, i.e. to families of
(multi-valued) continuous functions.

We will discuss all three types in detail but, for simplicity, only for the caseM1 =M2 = R (orC).

10.1 Simple Limits

For limits of the first type we need a familyfapg e.g. of functionsap : R;; R converg-
ing to a functionf : R �R in the sense thatjap(x)� f(x)j � 2p for anyx 2 dom(f)
(and any possible value of the multi-valuedap(x)). The corresponding limit operator is

REAL limit (REAL a(long, const REAL&), const REAL& x);

It should be emphasized that the functionsap will usually be multi-valued, but the
limit f must be single-valued. In consequence,f must be a (maybe partial) continuous
function.

An example forap(x) is sqrt1(p,x) already mentioned in the previous chapter;
here the limitf is the square root defined onR+0 . In the iRRAM, we may now define
the square root function by

REAL sqrt(const REAL& x) {return limit(sqrt1,x);}

This functionsqrt can be used like any of the built-in elementary functions!
The idea of the implementation is quite simple: If we want to compute such a limitlimp!�1 ap(x) in an iteration, we simply compute and returnap(x) for somep, such

thatp tends to�1 with improving precision boundspi during the iterations.
Three problems must be faced: (1) in each iteration, the second argumentx to

limit is only known with errors, (2) the error of the computed result ap(x) is 2p plus
the error in the computation, and (3) the flow of control will be different in different
iterations!

The argumentx in limit(a,x) will not be exact during any stage of the com-
putation. So we are only able to compute the valuesap(x) with an error at least corre-
sponding to the modulus of continuity of the functionap using the given approximation
to x. In practice, the best achievable result will usually be much worse, as the com-
putation ofap(x) need not be optimal with respect to error propagation. To solve this
problem, we try to computeap(x) for several valuesp that are chosen the same way as
the precision bounds: In thei-th iteration of the iRRAM using precision boundpi, we
consider the valuesap(x) for p = p0; p1; : : : ; pi. Then we take that result giving the
smallest error (as the sum of the error from the computation of ap(x) and the bound2p
for the difference betweenap(x) and the limitf(x)).

So here we face the situation that a failure of a computation due to insufficient preci-
sion shouldnot lead to a recomputation of the whole program. Instead of this, we have
local iterationsof the computations, i.e. thelongjmp from within the computation
of the limit must no longer lead toiRRAM_exec , but to the procedure implementing



limit . In addition,limit has alongjmp to an outer level, ifap(x) can not be com-
puted for any of the tested values ofp due to the error inx . After that outerlongjmp ,
the program will return to the computation of the limit with abetter precision bound and
hence a (usually) better approximation for the argumentx. This ensures that eventually
there will be successful tries ofap(x) even for arbitrarily smallp. This again ensures
that the error of the limit will get arbitrarily small in later iterations. This behavior of the
limit operator (and of all the other intrinsic functions) isthe origin for the conversion
property defined in section 3.

For different iterations of the iRRAM, we now can not avoid different flows of
control: We have to computeap for several different valuesp depending on the precision
boundspi. But due to the construction, the different control flows arerestricted to the
computation of the limit, which is continuous in its argumentx. So it is sufficient for the
iRRAM to stop using its multi-value cache as long as it is in the process of computing
a limit.

In consequence, the local changes of the flow of control will have no influence on
the outer flow of control unless there are side effects. So neither input, output nor any
other side effects (e.g. assignments to global variables) are allowed in the algorithm
computingap(x). Unfortunately, this can not be expressed within the syntaxof C++.

Computing the limit in the way described above has an important disadvantage: The
precision boundspj were chosen sparse in order to get an optimal behavior of the time
complexity of the whole computation. But now this implies that the error of the resultf(x) might be very big compared to the error of the argumentx: Sometimes it will not
be possible to computeapi(x) successfully using precision boundpi, regardless of the
actual value ofpi, simply because in that iterationx already has an error of this size. So
it might be that in any iteration, the best achievable resultof the limit operator might beapi�1(x) implying a very big loss of precision!

For example, numerical iterationsxi+1 = �(xi), where� is implemented using
this limit operator, might only be usable for small values ofi, as we will need at least
iterationpi of the iRRAM to getxi with an error ofp0.

Some heuristic improvements should be mentioned: If the limit operator is called
in the iteration with precision boundpi, the valuesap(x) are computed in the modi-
fied orderp = pi; p0; p1; : : : ; pi�1 and with a precision bound that is changed topi+1
during the computation of the limit. This change in the precision bound increases the
probability thatapi can be computed successfully. If this is the case and if the resulting
interval forapi is not larger than2pi�1 , then it is taken as the result of the limit in this
iteration (of course increased by2pi). This implies that very often it is not necessary to
test more than one value.

10.2 Lipschitz Limits

If we have more information on the limit, we can do much betterthan above. Very
often, we know that a (maybe lengthy) computation leads to a quite smooth result. One
example is the trigonometric function sine, where we know that j sin(x) � sin(y)j �jx� yj. In this case, we know that it would be possible to approximatesin(x) by sin(d)
with an error of onlye, if x is known to be in the interval(d � e). But as a longer
computation is necessary to computesin, any ordinary interval arithmetic on(d � e)



would yield an interval(d0� e0) with a much larger errore0 >> e. So the central idea is
to use interval arithmetic not forsin(d�e), but forsin(d�~e) for a very small~e yielding
an interval(d00 � e00) and then to use(d00 � (e+ e00)) as a valid interval approximation
for sin(x).

We may generalize this idea as follows: Ifx is known as an interval(d � e) when
computing the limit and if we know an upper bound2` of a Lipschitz constant for the
limit f in the interval(d � e), we may simply choosep such that2p is slightly bigger
than2`�e and computeap(d). (A similar concept had already been introduced in [Mu88]
as ‘locally Lipschitz continuous functions’.) Thenjap(d) � f(x)j � jap(d) � f(d)j+jf(d) � f(x)j � 2p + 2` � e � 21+p, i.e.ap(d) differs from the limitf(x) by at most21+p.d can be treated as an exact real value, so we are able to computeam(d) with an
arbitrary small error. To do this, we might start a new version of the iRRAM just to
compute this value. In fact, the iRRAM simply uses local iterations for the computation
of ap(d) with precision boundspi+1; pi+2 : : : until one of these iterations also gives an
error of less than21+p.

These iterations work similar to above: Thelongjmp within the computation of
theap(d) is redirected temporarily to the procedure implementinglimit_lip . How-
ever, there are two big differences to the implementation ofthe simple limit operator:
For the simple limit we had a fixed bounding precision within the different iterations,
but the indexp of ap(d) was changed from iteration to iteration; the Lipschitz limit is
computed with a fixed indexp of ap(d), but the bounding precision changes. This also
implies that the application of the Lipschitz limit will never lead to a reiteration of the
whole computation.

Again, the local iterations do not need a multi-value cache as their result leads to
a continuous function. As the local iterations start with precision boundpi+1 and only
need to get result with error larger than2pi , it will happen very often that already the
first iteration is successful.

The corresponding limit operator takes the form

REAL limit_lip (REAL a(long, const REAL&),
long lip, const REAL& x);

where the variablelip corresponds to the logarithm̀of the Lipschitz constant2`
from above.

This operator has two important advantages compared to the simple limit operator
introduced before: (1) The growth of the error bounds is reduced to the minimal possible
amount and in consequence (2) the computation time is also reduced very often, because
smaller error bounds usually lead to fewer iterations.

Most of the functions that are defined in the iRRAM use this concept, e.g.exp,sin and
os. Here we will show how to implement the maximum function using the
Lipschitz limit operator.

To compute the maximum of two numbers using floating point arithmetic, usually
a program similar to the following is used:

REAL maximum(const REAL& x, const REAL& y)
{ if ( x > y ) return x; else return y;}



Obviously, this is not the right solution for the iRRAM, as weare not able to get
a result of the comparison ifx andy are equal. So the right way is to interpret the
maximum as a limit:

REAL max_approx (long k, const REAL& x, const REAL& y)
{ if ( positive(x-y,k) ) return x; else return y; };

REAL maximum (const REAL& x, const REAL& y)
{ return limit_lip(max_approx,0,x,y); };

10.3 Multi-valued Limits

In the previous examples, the results of multi-valued functions were from discrete sets
(boolean, integer, finite strings etc.) and it was possible to compute these results in
finite time. Especially it was always possible to store the actual outcome of a multi-
valued function in order to reuse it in a subsequent iteration of the iRRAM. This is no
longer possible, if we are considering multi-valued functions with results e.g. from the
set of real numbers.

Of course, simple functions of this kind can be constructed using the discrete multi-
valued tests, e.g.modulo (x; y) := x�ky wherek 2 Z with (k�1)y � x � (k+1)y.
This function computes one of the possible valuesz, jzj � y 6= 0, such thatx�zy is an
integer. It can be used to scale the arguments of periodic trigonometric functions to get
efficient implementations:

REAL modulo (const REAL& x, const REAL& y){
return x-round(x/y)*y;

};

Here round (x) is a multi-valued integer function withj x � round (x) j< 1.
When applying themodulo function, the iRRAM would automatically store the result
of round , which is sufficient to reconstruct the value ofmodulo in possible later
reiterations.

A more elaborate example concerns the square root of complexnumbers: The square
root of a numberz is one of the two numbersx or�x, wherex2 = z, which immediat-
ley leads to multi-valuedness. Ifz 2 R+0 , it is easy to choose one of the values: usually
the positive root is taken.

For arbitraryz 2 C, a continuous choice of one of the roots is not possible: Any
continuous functionr : fei�j0 � � � 2�g ! C on the unit circle satisfyingr(z)2 = z
would lead to r(1) = lim�!0+ r(ei�) = � lim�!2�� r(ei�) = �r(1)
which is a contradiction.

If we restrict ourself toz 6= 0, a multi-valued implementation of the complex square
root can be implemented using the simple multi-valued tests: If z = a+ ib 6= 0, at least
one of the real numbersa andb must also be different from 0. Then one of the complex
roots can be computed using the ordinary real square root, but the computation may
depend on the non-zero value that is determined in a multi-valued way. The only small
difficulty is to find this non-zero value without having a testfor equality of real numbers:



COMPLEX csqrt(const COMPLEX& z)
{

REAL a,b,c,d,r,s;
COMPLEX y;
long choice;

r= abs (z); a= real(z); b= imag(z);

if ( ! bound( b, size(r)-3) ) {
if ( b > 0 ) choice=1; else choice=2;

} else {
if ( a > 0 ) choice=3; else choice=4;

}

c= sqrt( (r+a) / 2 ); d= sqrt( (r-a) / 2 );

switch ( choice ) {
case 1: y = COMPLEX ( c , d ); break;
case 2: y = COMPLEX ( c , -d ); break;
case 3: y = COMPLEX ( -c , -b/2/c ); break;
case 4: y = COMPLEX ( b/2/d , d ); break;
}
return y;

}

Each value of the variablechoice corresponds to one of the following four open
half planes inC: fz j imag(z) > 0g, fz j imag(z) < 0g, fz j real(z) > 0g, andfz j real(z) < 0g. So for anyz 6= 0, the loop in the program will finally be left after
setting an appropriate value forchoice .

It can easily be verified that the returned value is indeed oneof the two roots ofz.
Figure 3 shows results of this function for the square roots on circles with radius 1, 2,
and 3. The results forb < 0 anda < 0 are adjacent, so only three of the four values
for choice can be distinguished. Changing the result fora > 0 to the more ‘natural’
COMPLEX (c,b/2/c) would have the effect that all results are adjacent (leadingto
a less interesting figure).

This solution for the square root is not fully satisfying: Weusesize to find a lower
bound for the nonzero value froma or b. So forz = 0, an infinite loop occurs, and for
arguments near to 0, the complexity grows to infinity.

To overcome both problems, the complex square root can be seen as a limit: For
argumentsz with jzj > ", let f("; z) be one of the roots ofz, otherwise letf("; z) = 0
as an approximation. Then simply let"! 0.

When trying to implement this within the iRRAM, we must face the problem that
for different " or for different approximations ofz, the valuesf("; z) might switch
between the two roots ofz. But when computing the limit, we may not switch between
the roots, otherwise in different iterations changed flows of control could occur. To
prevent this, the arguments for the operator computing multi-valued limits must fulfill
additional properties:

friend COMPLEX limit_mv (COMPLEX f(long p,
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long* choice,
const COMPLEX& z),

const REAL& z);

The parameterchoice can be interpreted as follows: It selects a subset of the
possible values of the limit that may be computed byf . The (initial) value of 0 has
the interpretation that all the possible values are still allowed. If f changes the value of
choice , then this must correspond to a reduction of the set of allowed values. At the
end of the computation off , the result off must be an approximation (with an error of
at most2p) to all of the values that still correspond tochoice .

To compute the limit, the iRRAM proceeds almost as in the caseof the usual limit
operator, i.e. different values ofp are checked whether the computation off(p,choice,z)
leads to an approximation of the limit. The very first try starts with choice=0 , i.e. f
may approximate any of the possible values. For the other tests (in the same or later
iterations), the value ofchoice is passed from one computation off to the next using
the multi-value cache. So a result of a computation off(p,choice,z) at some stage
in the iRRAM must be a refinement of the previous computationsat this stage.

In a full theoretical definition of the limit operator, its (multi-valued) argumentf
would be of signature (e.g.)f : Z � Z � C ! C � Z wheref is supposed to be
computable and the second (integer) components of both the argument and the result
of f correspond to the values ofchoice before and after the call tof . Theoretically,
the whole history of the (finite!) computations off could be encoded in this value.
However, in practice only a few essential steps of the computation need to be encoded,
so choosing typelong for choice should be far reaching, although this might look
like a very restricted concept at the first view.

In the case of the complex square root, the value ofchoice will need at most one
change: Ifz is so big compared to the intended precision that0 is no longer a valid
approximation to the roots ofz, choice is changed to indicate in which of the half



planesz is located. This is sufficient to choose one of the roots ofz. This choice will
not be changed again. A corresponding implementation beingable to compute a square
root for any complexz including 0 looks as follows:

COMPLEX csqrt1(long p, long* choice, const COMPLEX& z)
{ REAL a,b,c,d,r;

COMPLEX y;

r= abs (z); a= real(z); b= imag(z);

if ( *choice == 0 ) {
if ( !bound(r, 2*p) )

if ( ! bound(b,p-2) ) {
if ( b > 0 ) *choice=1; else *choice=2;

} else {
if ( a > 0 ) *choice=3; else *choice=4;

}
}

c= sqrt( (r+a) / 2 ); d= sqrt( (r-a) / 2 );

switch ( *choice ) {
case 0: y = COMPLEX ( 0 , 0 ); break;
case 1: y = COMPLEX ( c , d ); break;
case 2: y = COMPLEX ( c , -d ); break;
case 3: y = COMPLEX ( c , b/2/c ); break;
case 4: y = COMPLEX ( b/2/d, d ); break;
}
return y;

}

COMPLEX sqrt(COMPLEX z) { return limit_mv(csqrt1,z); }

11 Optimizing: Hints and Assertions

In the following we briefly discuss three methods to optimizethe efficiency of programs
for the iRRAM:

– If a part of a numerical algorithm is known to have modulus of continuity signif-
icantly larger than in the rest of the program, e.g. if we try to compute a function
with a large first derivative, it may improve the overall complexity significantly
if we temporarily use a higher precision which may lead to less reiterations. In
this case, the sensitive part of the program can be marked with a pair of functions
stiff_begin() andstiff_end() , where the precision bound is improved
by the first function and reset by the second function.
This technique has been used e.g. in the AGM methods for� andlog(x). Similar
effects could be achieved by temporarily switching the influence of the precision
bound on the actual computations from absolute to relative precision (which is not
implemented yet).



The use of these functions is simply ahint to the simulator how to proceed most
efficiently. Using these functions might change the flow of control because of the
possibility of changing results from multi-valued functions. However, their use can
not influence the correctness of a program, only its time complexity.
The following two methods behave different, their use is notonly a hint for the
simulator but anassertionthat a part of a program has certain special properties
(that can not be verified by the simulator). The simulator will optimize its behavior
correspondingly

– The multi-value cache is an expensive simulation tool, as each cached results needs
to be stored until the end of the program. This is why the use ofmulti-valued in-
trinsics should be reduced to the minimum.
On the other hand, there are many computations leading to a single-valued continu-
ous results although they use such multi-valued decisions.As an example, considersin(x) again. It is well known that using a Taylor series in the computation ofsin(x)
for largex is a big waste of time. It is better and quite simple to use the periodic-
ity of this trigonometric function for a range reduction andto compute ay of size�=4 or less such that eithersin(x) = � sin(y) or sin(x) = � 
os(y). To do this,
we have to apply multi-valued tests, as we have to distinguish between 4 distinct
cases that later fit together to a result that is single-valued and continuous inx. In
consequence, it would not be necessary to cache these tests.
If such a part of a program is marked with the functionscontinuous_begin()
andcontinuous_end() , the caching is temporarily stopped. The programmer
must take care himself that it is impossible to enter or leavethe section without
calling the corresponding function (except maybe for reiterations), as this could
easily destroy the consistency of the multi-value cache.
Another important application is found in linear algebra: If we invert a nonsingular
matrix M , the inverseM�1 is determined uniquely and the mapping fromM toM�1 is continuous. Here the classical algorithms based on Gaussian elimination
internally rearrange the matrices due to the size of pivot elements which requires
multi-valued tests that need not to be cached.

– If we know that a sequence of operations has a significantly better modulus of
continuity than we achieve through the normal interval arithmetic, we may be able
to reduce the growth of the error bounds using a technique similar to the Lipschitz
limit operator: Instead of calling a functionf with known Lipschitz constant2l
directly, we may use the formlipschitz (f; l; x). Here the precision bound is
increased during the computation, and instead off(x) we computef(d) for the
centerd of the interval(d � e) representingx. The resulting interval is corrected
according to the Lipschitz constant and the sizee of the interval. In consequence,
the error propagation betweenx andf(x) is almost reduced tol.

12 Overview: Classes and Functions

In the following we give a brief overview of the new classes, operators, and functions,
that are implemented in the iRRAM. Unless explicitly stated, these functions are intrin-
sic, i.e. their implementations may use private propertiesof the classREALand so has
access to the underlying intervals that are hidden to the ordinary user.



We will not repeat the limit operators here, as they have beenexplained previously
in detail.

Classes
DYADICis simply a wrapper for the underlying multiple precision arithmetic.
The most important classREAL is derived from a basic (mostly hidden) class
METRIC_OBJECTthat provides a rudimentary garbage collection necessary for
the reiterations and that is the basic class for the limit operators. Further derived
classes areCOMPLEX, REALMATRIX, SPARSEREALMATRIX, where the latter
aims at very large but mostly empty matrices.
All those classes have a destructor~, a default constructor, and a copy constructor
= for assignments.

Real arithmetic
REALs can be constructed fromint , long , char* , double , DYADIC, and from
REALitself. In consequence, there are corresponding implicit type conversions, e.g.
x=REAL("3.1415") can be written asx="3.1415" .
The overloaded arithmetic operators ‘x+y ’, ‘ x-y ’, ‘ -y ’, ‘ x*y ’, and ‘x/y ’ can be
used in a naive way, but a division byREAL(0) leads to an infinite loop.
The usual binary tests ‘x<y ’, ‘ x<=y ’,‘ x>y ’, and ‘x>=y ’ exist, but there is no test
on equality or inequality of reals! These tests will lead to infinite loops ifx andy
are equal. So ‘x<y ’ and ‘x<=y ’ really are the same function!
The multi-valued functions ‘size(x) ’, ‘ positive(x,p) ’, ‘ bound(x,p) ’,
‘approx(x,p) ’, and ‘round(x) ’ have been explained previously. Asround(x)
delivers a result of typelong (which is very restricted in size), there is a corre-
sponding functionround2(x) with a result of typeREAL.
Quite often, multiplication with a (positive or negative) power of 2 is necessary,
which is implemented as an intrinsic functionscale(x,k) .
Finally there is a library of mathematical functions that are not intrinsic (i.e. they are
defined essentially ‘high level’ but usually with use of the limit operators). These
function are still very efficient, as the necessary overheadis small.
There is a small set of algebraic functions:abs(x) , power(x,n) sqrt(x) ,
root(x,n) , modulo(x,y) , maximum(x,y) ,andminimum(x,y) , further-
more there are transcendental functions likeexp(x) , log(x) , and a full set of
trigonometric functions and their inverses, fromsin(x) to acosech(x) . In ad-
dition, the special numberspi() = � = 3:1415:::, ln2() = log(2) = 0:6931:::
andeuler() = e = 2:1718::: are defined (necessarily as functions).

Matrix arithmetic
The classesREALMATRXand SPAREREALMATRIXdeal with matrices of real
components. As they are derived form the classMETRIC_OBJECT, limit operators
can be applied. The corresponding algorithms are not intrinsic, as they all are de-
rived from real arithmetic! The most important constructors areREALMATRIX(r,c)
andSPARSEREALMATRIX(r,c) for a (sparse) matrix ofr rows andc columns,
as well asREALMATRIX(m) andSPARSEREALMATRIX(m)to get a copy of a
matrix m. To access matrix elements, the parentheses() have been overloaded,
allowing assignments likem(1,2)="3.1414" .



Basic matrix arithmetic ‘m1+m2’, ‘ m1-m2’, ‘ m1*m2’, ‘ m1/m2’ is implemented,
where the latter computes a solution of the linear systemM2 � X = M1 by Gaus-
sian elimination (ifM2 is not singular). Multiplicationm*x and divisionm/x by
scalar valuesx are defined. In addition,eye(n) , zeroes(r,c) or ones(r,c)
deliver the unit matrix, or a matrix full of zeroes or ones.
The matrix exponentialexp (m) := Pmk=k! is an example for the implementa-
tion of a matrix transcendental.

Complex arithmetic
COMPLEXnumbers are a further example for the possibility of user-defined data
types. Only a few functions have been implemented: basic arithmetic,abs(z) ,
real(z) , imag(z) , as well as the complex square root that has been the central
example for a multi-valued limit in section 10.

Input and Output
The special role of I/O and the functionsrscanf , rprintf , rshow(x,w) and
rwrite(x,p,w) has already been mentioned in section 8.

Special Functions and Operators
The special functionscontinuous_begin() ,continuous_end() , that mod-
ify the caching strategy, as well asstiff_begin() , stiff_end() , and the
operatorlipschitz(f,l,x) , that modify the error propagation, have been dis-
cussed in the section 11.

13 Importing special MP functions

One of the aims of the iRRAM is to get an abstract level of computation independent
from the underlying MP package. This would imply that only the intersection of all the
functions of the different MP packages could be used. To get access to special functions
of the MP packages, the interface to the MP can be extended.

This possibility has been used for the multiple precision square root in order to get
an implementation ofsqrt that is much faster than the version shown in section 10:
The interface to the backend of the iRRAM forLongreal with low-levelGMProutines
(which can be found isLRGMP_interface.h ) contains the lines

#define MP_has_sqrt 1
#define MP_sqrt(z1,z,n) Dyadic_LRSQRT(&(z1),&(z),n)

In REALLIB.cc , where most of the higher level mathematical functions are im-
plemented, there is a corresponding#ifdef MP_has_sqrt that switches at compile
time between a high level version from section 10 and a fasterintrinsic version using
MP_sqrt .

14 The iRRAM and IEEE 754

Although the iRRAM implements exact arithmetic, so that program should run forever,
it can be used as an extensible library of functions with variable precision as long as
not input or output of real numbers is used: If the programmerdefines an own version



of main , he is able to calliRRAM_exec(compute) several times within his pro-
gram, even with several different functions insteadcompute() . As the argument of
iRRAM_exec is of typevoid () , compute may neither have arguments not return
a result. So the only possibility to pass data betweenmain andcompute is to use
global variables. If these variables are of typeDYADIC, we essentially get a new func-
tion extending the multiple precision backend. For example, the cosine function (that is
e.g. still missing in GMP) could be implemented similar to the following way:

DYADIC glob_arg,glob_result;
long glob_precision;

void compute_sin() {
glob_result=approx(cos(REAL(glob_arg)),glob_precisi on);

}

DYADIC cos(DYADIC x, long p) {
glob_arg=x;
glob_precision=p;
iRRAM_exec(compute_cos);
return glob_result;

}

Here we use three global variables: for the argument, the result and the precision of
the computation. Please remember: we are implementing a finite precision version of
cosine using our exact real version, so we have to specify theprecision of the result!

Current multiple precision packages like [Zi00] try to smoothly extend the current
hardware floating point arithmetic and try to stick to the principles of IEEE 754 floating
point arithmetic. This implies that certain shortcomings of earlier hardware like non-
monotonic behavior for monotonic functions should be avoided. One similar aspect
are exact rounding modes, i.e. it should be possible to specify that the result of MP
operations is either the next, the greatest smaller or the smallest larger MP number
compared to the exact result.

From the view of exact real arithmetic, exact rounding modesare similar to testing
whether two reals are equal: Nontrivial single-valued realfunctions with a discrete set
of possible values are necessarily discontinuous and hencenot computable! On the
other hand, any correct implementation of a theoretically monotonic function using
exact arithmetic will be monotonic, and any ‘irregular’ non-monotonic behavior of the
conversion to discrete sets can be completely explained using multi-valued functions,
so exact rounding is not an issue in exact arithmetic.

It would even be possible to create MP routines with exact rounding for functionsf using the iRRAM as backend, as long as the exact valuesf(d) for MP numbersd
are not exactly representable as MP numbers again. E.g. for
os(d) with d 6= 0, we
could simply iterate the procedure above with different values forglob_precision
until we get enoughdifferentbits to allow the exact rounding. It should be sufficient
almost always to choose an initial bounding precision just smaller than necessary for the
expected value to decide the rounding without any further iterations. Rare exceptions
with higher several iterations could surely be tolerated.



15 Exploring the Borders

In the following we present a few examples for the time complexity of the iRRAM. All
computations have been performed using an AMD Athlon 800 MHz(512 KD cache,
slot A) on an ASUS mainboard K7M equipped with 256 MB 100 MHz SDRAM. The
backend was LRGMP using GMP 3.1, operating system was Linux with kernel 2.4.0-
test4. Programs had been compiled withgcc , version 2.95.2.

– Selected values and functions
Computen decimals of

p1=3, �, log(1=3), andsin(1=3):
Numbern of Decimals 10 100 1000 10000 100000
Time for conversion 8 �s 37�s 39�s 14 ms 1.5 s
Time for� - - - 140 ms 9.1 s
Time for inversion 3.4�s 6.0�s 80�s 2.9 ms 140 ms
Time for

p1=3 17�s 30�s 132�s 4.7 ms 360 ms
Time for log(1=3) 290�s 740�s 6 ms 240 ms 22.9 s
Time for sin(1=3) 71�s 210�s 3.5 ms450 ms 157 s

As the internal format of the multiple precision backend is in binary form, we have
to split the computation time is two parts: he computations,a part of the time was
taken for the conversion from the internal binary format to the the decimal form,
which is not optimized yet and has complexity of orderO(n2). The other given
times are do not include this conversion time, so it has to be added to the other
given values in order to get the full time for computation with the desired precision
including the output.� is computed using a quartically convergent algorithm due tothe Borwein brothers
[Ba88,Bo87]. Due to an internal optimization, we were not able to measure the time
necessary for the computation of� for smalln.
The square rootp is implemented with a variant of Heron’s quadratic convergent
method, but computed with variable precision as in [Bt76].
The implementation of the natural logarithmlog uses an AGM method based on
ideas from [Sch90]. It needs good precomputed approximations for� andlog(2).
The measured times are without these precomputations, so they are valid for all but
the first evaluation oflog.sin uses a Taylor series approach after an appropriate range reduction that also uses
a precomputed�. The given times are without this precomputation.

– Iterated function systems
Compute the iteratesxi of the so called logistic functionxi = f(xi�1) = 3:75 �xi�1 � (1�x�1), where we start withx0 = 0:5 and print the first 6 decimal places
of eachxi:

Indexi 1000 5000 10000 50000 100000
Valuexi +.791747+.814694+.824205+.283081+.666947
Max. Bounding Precision -2166 -10888 -21407 -102635 -200601
Execution Time 60 ms 1.56 s 8 s 385 s 2054 s



Usingdouble instead ofREAL, beginning fromx80 the 6th digit is incorrect,x90
has only one correct digit left, and finally fromx100, all digits are wrong:

REAL doublex60 +.79908633430.7990863370x70 +.45219529980.4521952586x80 +.85617799660.8561759906x90 +.73991374860.7400517104x100 +.88829399220.9017659679x110 +.71567952920.2201217854

This example has been taken from [Ku96], where a similar table was shown up
to x450 using the software package C-XSC [Kl93]. Unfortunately, this package is
quite restricted in the mantissa length as well as the exponent range, such that it is
impossible to computex500 using the package.

– Matrix arithmetic
Compute an approximation (with maximal error2�50) of the inverse of the (bad
conditioned) Hilbert matrixHn of sizen � n using the built-in matrix arithmetic
(i.e. with Gaussian elimination):

Dimensionn 50 100 150 200 250
Max. bounding precision-1037 -2745 -4372 -5502 -6915
Used Memory 1.46MB 9.2MB 40 MB 81MB 152 MB
Execution Time 3.2 s 79 s 457 s 1200 s 3052 s

Compute an approximation (with maximal error2�50) to the inverse of the well
conditioned matrixHn + 1n of sizen� n:

Dimensionn 50 100 150 200 250 500
Max. bounding precision -100 -100 -100 -100 -100 -162
Used Memory 0.5 MB 2.1 MB 4.7 MB 8.4 MB 13 MB 52MB
Execution Time 0.7 s 5.4 s 19 s 45s 91 s 1237 s

Obviously, the condition of the matrix has big influence on the necessary bound-
ing precision, which explains the big differences in execution time and memory
consumption between the two examples.
The results should be compared to the results of similar computations using e.g.
octave (a freely available high-level interactive language for numerical computa-
tions), where optimized routines working with the limited precision of the hardware
are used (without error control):
Octave is already unable to invert the Hilbert matrix of size12 (giving a warning
matrix singular to machine precision ). ON the other hand, the in-
version of the well-conditioned matrixHn + 1 with n = 500 takes only 12 s, so
the iRRAM is about a factor of 65 slower. This factor is different for other types
of CPUs, e.g. for an AMD K6-200 with its weaker floating point performance we
get a factor of 35. Please have in mind that here we essentially have to compare a
software solution with hardware (on the same CPU)!



16 Future Work

The current state of the iRRAM allows reliable and efficient exact arithmetic. But of
course, many enhancements and optimizations can be imagined. In the following we
list just a few of them:

– Until know, the iRRAM has only been tested using the GNUg++ compiler and
under Linux. A port to other popular systems should be easy.

– There should be a better garbage collection that clears all temporary objects when-
ever a reiteration happens. At the moment, there is only a restricted garbage collec-
tor that is able to recover all memory occupied by objects derived fromMETRIC_OBJECT.
However, any memory allocated on the stack usingalloca is freed automatically,
as the reiterations are implemented usinglongjmp . On the other hand, big appli-
cations will use almost all their memory for real variables.

– The set ofDYADICfunctions should be extended using the techniques described in
this paper, alsoCOMPLEXversions of the transcendental and trigonometric func-
tions would be important.

– The algorithms forexp and for the trigonometric functions should be further im-
proved using AGM methods, see e.g. [Bt76].

– New data types for (full range) integers or rationals shouldbe added.
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